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ABSTRACT: Entropy calculated after graph filtering depends on both signal dynamics 

and the graph estimated from those signals, complicating the interpretation of regional 

complexity in Alzheimer research. We introduce cross fitted topology alignment graph 

entropy (TAGE), which estimates a graph on one temporal segment and evaluates 

dispersion entropy on another. An alignment contrast compares the observed topology 

with node permutations that preserve its spectrum and edge-weight multiset. Three fixed 

filters sum to the identity, and a training-block bootstrap describes sensitivity to graph 

estimation. The reported synthetic audit includes five configurations, 80 recordings per 

configuration, and 99 graph permutations. For independent autoregressive signals, the 

mean low-band contrast decreased from 0.01057 with same-segment estimation to 

0.00029 with cross fitting. Nevertheless, 11.25% of cross fitted ranks were at or below 

0.05; this proportion increased to 26.25% under temporal heterogeneity. These findings 

support temporal separation as an audit of graph-dependent entropy while 

demonstrating that alignment ranks require further calibration. The study provides 

methodological and simulation evidence only; it does not establish an Alzheimer 

biomarker or patient-level diagnostic performance. 
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1 INTRODUCTION 

Regional entropy is a simple summary of the temporal architecture of functional magnetic resonance imaging (fMRI) signals. 

This description is appealing in Alzheimer disease (AD) where altered dynamics could be associated with changes in 

functional coordination. It has been reported that there are differences in complexity between diagnostic groups by temporal 

multiscale entropy (Niu et al., 2018). Graph representations, which incorporate the spatial relations between regions, enable 

analysis of a signal with respect to a network instead of a set of independent time series (Hammond et al., 2011; Shuman et 

al., 2013). 

Pu, Song, and Chai (2025) combined spectral graph wavelet filtering with multivariate dispersion entropy to examine 

differences between Alzheimer disease and healthy control groups. This motivates a distinction between graph frequency, 

which describes variation across connected regions, and temporal frequency, which describes variation over time. A low 

graph-frequency component is spatially smooth relative to a specified graph; it need not represent a slow temporal oscillation 

or healthier physiology. 

An additional question concerns the graph itself. If functional connectivity is estimated from a finite recording, the filter is a 

function of that recording. Entropy subsequently calculated on the filtered recording inherits this dependence. This is an 

estimation issue even in an unsupervised analysis; it should not be confused with leakage of diagnostic labels. It is also 

different from asking whether an entropy estimator can distinguish two clinical groups. 

This study asks whether lower entropy reflects reproducible alignment between signals and the named graph topology, 

beyond the effect of a filter with the same spectrum. We propose a contrast evaluated on held-out temporal segments and 

accompanied by a conditional description of graph stability. Synthetic signals provide a controlled setting for examining these 

distinctions before clinical interpretation. 

The proposed method separates graph fitting from entropy evaluation, uses a spectrum-preserving alignment reference, and 

describes sensitivity through training-block resampling. Reconstruction and permutation properties provide implementation 

checks. The evidence is restricted to controlled stochastic signals; clinical validation remains future work. 

1.1 Related work 

Spectral graph wavelets are functions of a graph Laplacian (Hammond et al., 2011), within the broader framework of graph 

signal processing (Shuman et al., 2013). Dispersion entropy maps amplitudes into categories and quantifies the distribution of 

embedded patterns (Rostaghi and Azami, 2016). Extensions characterize irregularity using graph neighborhoods (Fabila-

Carrasco et al., 2023), amplitude information in graph permutation entropy (Roy et al., 2026), and sample entropy for graph 

signals (Lei et al., 2026). TAGE addresses estimation and interpretation within this established family of approaches. 

The motivating fMRI method (Pu et al., 2025) combines graph bands, regional neighborhoods, and multivariate dispersion 

entropy to compare clinical groups. TAGE changes the estimand: it quantifies temporal dispersion entropy at each filtered 

node and compares the named topology with isospectral relabelings. Neither TAGE nor its same-segment comparator is a 

reimplementation of the multivariate neighborhood estimator used by Pu et al. (2025). 

1.2 Research gap 

Entropy differences after graph filtering admit several explanations. Spatial mixing can alter temporal pattern distributions; 

finite-sample correlations can influence the estimated graph; and physiological coupling can align signals with connectivity. 

Regional differences in temporal dynamics can also produce alignment without interregional coupling. A scalar entropy value 

cannot distinguish these explanations. 

The estimation question is therefore how to quantify topology-dependent entropy while separating graph fitting from 

evaluation and reporting graph sensitivity. Table 1 compares the stated analysis components; it does not imply that all graph-

entropy studies share the same limitations. 
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Table 1. Comparison of analysis components 

Component Motivating analysis (Pu et al., 2025) TAGE 

Entropy input Multichannel neighborhood signals Filtered temporal signal at each node 

Graph evaluation Subject recording Opposite temporal half 

Reference Clinical group comparison Permuted graph with matched spectrum 

Graph sensitivity Parameter assessment Training-block bootstrap 

Evidence here Published patient study Executed simulations only 

1.3 Interpretation of the reference 

Node relabeling preserves the graph spectrum but changes which signals are associated with named neighborhoods. This 

reference addresses topology-signal alignment, not causation. It cannot separate preprocessing effects from physiological 

interactions, or temporal autocorrelation from heteroscedasticity. Motion can produce systematic functional connectivity 

artifacts (Power et al., 2012), which are not automatically removed by graph permutation. 

2 MATERIALS AND METHODS 

Figure 1 summarizes the processing pipeline and the separation of graph fitting from entropy evaluation. 

2.1 Temporal separation and graph construction 

Let 𝑋 ∈ ℝ𝑁×𝑇 contain 𝑁 regional signals. Remove a central guard of g frames to retain two contiguous segments A and B; 

the implementation uses g = 16. The first fold fits the graph on A and evaluates it on B, while the second fold swaps their 

positions. The guard is used to decrease the short-range dependence: it does not ensure the independence in a nonstationary 

or long-memory recording. The clinical censoring should not create artificial adjacent samples, and should be based on 

retained frame indices that are regularly sampled. 

Using only the training half, center and scale each region. Apply the resulting parameters to the evaluation half. Estimate a 

Ledoit-Wolf shrinkage covariance (Ledoit and Wolf, 2004), convert it to a correlation matrix 𝑅, and define 

𝑊𝑖𝑗 = max(𝑅𝑖𝑗 , 0), 𝑖 ≠ 𝑗;  𝑊𝑖𝑖 = 0.  (1) 

No density threshold is selected from the data. The method intentionally discards negative correlations, so conclusions 

concern a positive connectivity graph. This restriction must be reconsidered for applications where anticorrelation is central. 

With 𝑑𝑖 = ∑𝑗𝑊𝑖𝑗 , set 𝑞𝑖 = 𝑑𝑖
−1/2

 for nonisolated nodes and zero otherwise. The normalized Laplacian is 

𝐿 = diag{𝟏𝑑𝑖>0} − 𝑄𝑊𝑄, 𝑄 = diag{𝑞𝑖}.  (2) 

This convention assigns zero Laplacian rows to isolated nodes; numerically, degrees at or below 10−12 are treated as zero. 

Shrinkage is a numerical regularizer, not a proof that graph estimates from autocorrelated samples are unbiased. 

2.2 Fixed graph filters 

For 𝐿 = 𝑈𝛬𝑈⊤, define three overlapping kernels on 𝜆 ∈ [0,2]: 

𝑔0(𝜆) = 𝑒−4𝜆, 𝑔1(𝜆) = 𝑒−𝜆 − 𝑒−4𝜆 ,  (3) 

𝑔2(𝜆) = 1 − 𝑒−𝜆 ,  𝐹𝑘 = 𝑈𝑔𝑘(𝛬)𝑈
⊤.  (4) 

The terms low, middle, and high denote relative graph-spectral emphasis, not disjoint spectral intervals. The constants are 

fixed before simulation. All kernels are nonnegative and sum to one. Therefore, 
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𝐹0 + 𝐹1 + 𝐹2 = 𝐼,  ∑ 𝐹𝑘
2
𝑘=0 𝑋 = 𝑋.  (5) 

This is an exact reconstruction identity; it is not an orthogonal decomposition or an energy-conservation identity. Filtered 

signals at a node remain temporal series, with spatial context introduced by 𝐹𝑘. 

2.3 Held out dispersion entropy 

For each graph, band, and region, estimate filtered training mean 𝜇𝑘𝑖 and standard deviation 𝜎𝑘𝑖 . Map evaluation samples to 

𝑐 = 3 classes through the standard normal cumulative distribution function 𝛷: 

𝑧𝑘𝑖,𝑡 = min{𝑐 − 1, ⌊𝑐𝛷 ((𝑦𝑘𝑖,𝑡 − 𝜇𝑘𝑖)/𝜎𝑘𝑖)⌋}.  (6) 

Symbols are numbered from zero. With embedding dimension 𝑚 = 2 and delay one, the pattern index is 𝑐𝑧𝑡 + 𝑧𝑡+1. If 

𝑝𝑘𝑖(𝑣) is its empirical distribution over 𝑐2 possible patterns, normalized dispersion entropy is 

𝐻𝑘𝑖 = −
∑ 𝑝𝑘𝑖
𝑐2−1
𝑣=0 (𝑣)log𝑝𝑘𝑖(𝑣)

log(𝑐2)
.  (7) 

Use 0log0 = 0. A filtered training standard deviation below 10−10 marks the band-node estimate as unsupported rather than 

assigning entropy zero. The plug-in estimator retains finite-sample bias; the null comparison does not guarantee its 

cancellation. 

2.4 Topology alignment contrast 

Draw 𝑀 node permutations with permutation matrices 𝑃𝑏 . Keep the signals and temporal ordering unchanged, but replace 

each observed filter by 

𝐹𝑘
(𝑏) = 𝑃𝑏𝐹𝑘𝑃𝑏

⊤.  (8) 

Each relabeled graph retains the observed eigenvalues, edge-weight multiset, density, and degree multiset, but does not 

preserve the degree assigned to a particular anatomical region. For each relabeling, filtered training parameters and held-out 

entropy are recomputed using identical operations for the observed and reference paths. 

Let 𝐻𝑘𝑖
(𝑓)

 denote observed entropy in fold 𝑓 and 𝐻𝑘𝑖
(𝑓,𝑏)

 the corresponding relabeled entropy. Define 

𝛥𝑘𝑖 =
1

2
∑ [

1

𝑀
∑ 𝐻𝑘𝑖

(𝑓,𝑏)𝑀
𝑏=1 − 𝐻𝑘𝑖

(𝑓)
]2

𝑓=1 .  (9) 

A positive contrast indicates lower temporal pattern entropy under the named topology than under the reference relabelings. 

This direction is specified before evaluation. Negative contrasts remain valid descriptive outputs. A band summary is 𝑠𝑘 =

𝑁−1∑𝑖𝛥𝑘𝑖 . The same permutation is used in both folds to retain a paired reference. 

For 𝐻‾𝑘 =
1

2𝑁
∑𝑓,𝑖𝐻𝑘𝑖

(𝑓)
 and corresponding 𝐻‾𝑘

(𝑏)
, report the lower-tail alignment rank 

𝑟𝑘 =
1+∑ 𝟏𝑀

𝑏=1 {𝐻‾𝑘
(𝑏)

≤𝐻‾𝑘}

𝑀+1
.  (10) 

Equation (10) is a Monte Carlo alignment rank. Interpreting it as an exact hypothesis-test probability would require 

exchangeability of signal assignments throughout the estimation procedure. Regional heterogeneity, residual temporal 

dependence, and reuse of both signal halves can violate this condition. Ranks are therefore descriptive and do not imply 

clinical significance. 

2.5 Conditional graph stability 

Resample contiguous blocks jointly across nodes within each training half, refit the graph, and retain the opposite evaluation 

half unchanged. Repeat equation (9) with a fixed permutation bank. For B repetitions, report the central 95% empirical range 

and fraction of positive contrasts. The illustrated analysis uses B = 80, block length 12, and M = 39. Block resampling 
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preserves ordering within blocks (Lahiri, 2003). These summaries describe sensitivity to the training data conditional on fixed 

evaluation signals; they are not population confidence intervals, and their nominal coverage has not been established. 

Algorithm 1 - Cross fitted topology alignment graph entropy 

1. Split 𝑋 into contiguous halves 𝐴, 𝐵 with a guard. 

2. Generate a reproducible bank of 𝑀 node permutations. 

3. For each direction 𝐴 → 𝐵 and 𝐵 → 𝐴, standardize using training parameters and fit 𝑊, 𝐿, 𝐹𝑘. 

4. Evaluate the observed entropy using filtered training parameters. 

5. Relabel 𝐹𝑘 for every permutation; recompute training parameters and evaluate reference entropies. 

6. Average paired fold contrasts; return regional 𝛥, band summaries 𝑠, and descriptive ranks 𝑟. 

7. Optionally bootstrap training blocks and return conditional stability summaries. 

2.6 Implementation cost and checks 

Dense covariance estimation costs approximately O(N²T) per fold, and eigendecomposition costs O(N³). Applying M 

relabeled dense filters costs O(KMN²T), with K = 3. Equation (8) relabels precomputed operators, avoiding an 

eigendecomposition for every permutation. Bootstrap repetitions multiply this cost. Sequential permutation processing limits 

additional storage to approximately O(KN² + KMN), apart from input signals and working arrays. The reported 

implementation checks concern reconstruction, symmetry, preservation of the spectrum under permutation, and seed 

determinism. Sparse polynomial approximation remains a future implementation option. 

2.7 Controlled signal generators 

No participant data were obtained or analyzed. Each configuration comprises 80 independent synthetic recordings with N = 

24 nodes. Standard recordings have T = 272 samples: two 128-sample halves separated by a 16-frame guard. Short recordings 

have T = 140 samples and 62 samples per half. Each generator discards a 300-step burn-in. 

For coupled signals, define a weighted graph 𝑊∗ with three groups of eight nodes, within-group weight 0.8, between-group 

weight 0.03, and zero diagonal. Let 𝑆 = 𝐷−1/2𝑊∗𝐷−1/2. Generate 

𝑥𝑡 = (0.35𝐼 + 0.55𝑆)𝑥𝑡−1 + 𝜖𝑡 , 𝜖𝑡 ∼ 𝒩(0, 𝐼).  (11) 

The spectral radius of the transition operator is at most 0.90. Independent signals use the transition operator 0.65I. Disrupted 

signals start from (11) and replace the first six outputs by 0.2𝑥𝑖 + 1.5𝜂𝑖 , with independent white Gaussian 𝜂𝑖 . A 

heterogeneous negative control is a control with independent signals whose first six nodes are substituted with independent 

white noise. In this way, there is no coupling between the different populations of activity nodes, and the time dynamics of 

the heterogeneous signals are different. 

All configurations use 𝑐 = 3, 𝑚 = 2, delay one, and 𝑀 = 99. Generator seeds are 10000 + 𝑗 and permutation seeds 

20000 + 𝑗, for 𝑗 = 0,… ,79. The same-segment ablation fits and evaluates on the complete recording. It isolates an 

estimation choice within TAGE; it is not a benchmark against the published algorithm in (Pu et al., 2025). Low-band results 

are designated as the primary audit, and machine-readable outputs retain all three bands. 

3 RESULTS AND DISCUSSION 

3.1 Estimation dependence and heterogeneity 

Table 2 summarizes the low-band contrasts. For independent signals, cross fitting reduced the mean contrast from 0.01057 to 

0.00029, and the number of ranks at or below 0.05 fell from 70/80 to 9/80. The reported binomial 95% interval for 9/80 is 

5.28%–20.28%, which does not support a claim of calibration at 5%. The threshold summarizes a calibration failure mode; it 

is not a clinical decision rule. 
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Table 2. Low-band contrast and descriptive rank frequency 

Configuration Cross fitted mean ± SD Same segment mean ± SD Rank ≤ 0.05 CF / SS 

Independent 0.00029 ± 0.00710 0.01057 ± 0.00431 9 / 70 

Coupled 0.00503 ± 0.01497 0.01307 ± 0.01225 25 / 44 

Disrupted 0.02712 ± 0.01193 0.03508 ± 0.01025 63 / 79 

Coupled short 0.00094 ± 0.02280 0.01568 ± 0.01346 13 / 39 

Heterogeneous 0.00649 ± 0.00506 0.01216 ± 0.00444 21 / 74 

Each frequency has denominator 80. CF denotes cross fitted; SS denotes same segment. These frequencies are not diagnostic 

accuracies. 

Figure 2 shows the distributions of low-band contrasts and the descriptive rank frequencies across configurations. 

3.2 Stability and failure modes 

Coupled signals produced a positive mean cross fitted contrast with substantial between-recording variation. Shortening the 

recordings increased the standard deviation from 0.01497 to 0.02280. Disrupted signals produced a larger contrast than 

coupled signals, but this cannot be interpreted as stronger coupling or better health because replacement changes the balance 

of predictable and unpredictable temporal components. The uncoupled heterogeneous configuration yielded a mean contrast 

of 0.00649, with 21/80 ranks at or below 0.05. Thus, the present reference cannot distinguish physiological coupling from 

regional temporal heterogeneity. 

Figure 3 describes conditional graph sensitivity in one coupled recording, using generator seed 12345 and bootstrap 

seed 54321. Node indices have no anatomical interpretation. Reconstruction and permuted-spectrum errors were 

both 8.88 × 10−16, establishing implementation consistency rather than empirical validity. 

3.3 Clinical validation and future work 

Cross fitting reduced the mean alignment contrast for homogeneous independent signals, while short recordings showed 

greater variability. Spectrum-preserving relabeling controls the graph filter spectrum but changes the topology-signal 

assignment; it does not guarantee a calibrated null test. Future references should account for regional temporal spectra or 

prespecified dynamics strata and be assessed through additional null simulations. Clinical validation would require 

preprocessing and graph parameters to be fixed before examining diagnostic outcomes, with documented eligibility, 

participant independence, motion, scanner characteristics, and cognitive assessments. ADNI is a possible cohort, subject to 

its access requirements (Alzheimer’s Disease Neuroimaging Initiative, 2026). Group effects and regional analyses should 

account for repeated and dependent measurements. Benjamini-Hochberg false discovery rate control requires appropriate 

dependence assumptions (Benjamini and Hochberg, 1995). Findings should be replicated in an independent sample. Any 

predictive extension would require feature selection and tuning within training folds and nested evaluation (Varma and 

Simon, 2006). No patient analysis is reported here. 

4 CONCLUSIONS 

TAGE combines a topology-alignment entropy contrast with conditional graph-stability summaries. In the reported 

simulations, temporal separation reduced but did not eliminate rank distortion. Regional temporal heterogeneity limits 

interpretation of alignment as physiological coupling. Further calibration and independent clinical validation are necessary 

before assessing biomarker relevance or diagnostic utility. 
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Figure legends 

Figure 1. TAGE processing pipeline. Graph fitting uses a training half; entropy evaluation uses the opposite half. Permuted 

filters retain the graph spectrum. The procedure is repeated with the halves exchanged. 

Figure 2. Executed synthetic audit. (a) Low-band contrasts, with interquartile boxes and whiskers extending to 1.5 times the 

interquartile range; outliers are omitted visually. (b) Observed descriptive rank frequencies. The dashed 0.05 line is a reference 

level, not evidence of valid test calibration. 

Figure 3. Conditional graph stability in one synthetic coupled scan. (a) Mean contrasts and central 95% bootstrap ranges. (b) 

Fractions of positive contrasts across 80 graph-training bootstraps. Evaluation signals are fixed throughout. 

Figure 1 
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Figure 2 

 

Figure 3 
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