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ABSTRACT:  

Background: In the current study, we construct a 2D eco-epidemiological model in 

which prey populations on one hand, fear and competition among prey populations 

internalized, and evolution of spatial structure merit to predator (P) zone vs. protecting-

shield (PRQ) in between. Individuals of the predator population can be either healthy or 

susceptible-infected (SI) individuals, and the disease spreads by contactbetween SIand 

Sindividuals. Hunting cooperation between predators and that disease propagates in the 

predator's population. 

Methods: The proposed model incorporates the Sokol-Howell functional response to 

describe predator–prey interactions. The mathematical properties of the model were 

investigated by establishing its boundedness and uniqueness. All equilibrium points were 

determined, and the conditions required for their local and global stability were analyzed 

using appropriate mathematical techniques, including Lyapunov functions. Numerical 

simulations were also performed using a selected parameter set and varying initial 

conditions. 

Results: The analysis identified all equilibrium points of the model and established the 

necessary conditions for their local stability. Under the corresponding conditions, all 

equilibrium points were shown to be locally stable. Furthermore, the global stability 

analysis based on suitable Lyapunov functions confirmed the stability properties of the 

system. Numerical simulations supported the analytical findings and demonstrated the 

effects of SI disease on the predator–prey dynamics . 

Conclusion: The findings demonstrate that incorporating fear, internal rivalry, migration, 

and SI disease transmission provides a more comprehensive representation of predator–

prey dynamics in protected and predator zones. The analytical and numerical results 

highlight the significant role of disease transmission in influencing population dynamics 

and support the validity of the proposed eco-epidemiological model. 
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INTRODUCTION 

The growing popularity of  Biomathematics is made possible by its wide range of  applications in ecology and environmental 

sciences, epidemiology, population dynamics. Lots of  researchers have focused their work around the predator-prey model, 

which is one of  the most essential population models. This is frequently employed to study species interactions (Aguiar et al., 

2022; Zhuo et al., 2025).Mathematical modeling is becoming increasingly significant across the sciences. While most people are 

aware of  the significant influence mathematics, throughout the epidemic of  the past 18 months, society at large has discovered 

that mathematical modeling has broader applications from domains as diverse as physics, biology, medicine, ecology, 

epidemiology, and even sociology( Marion et al., 2008 ; Tasiu et al., 2024). 

Mathematical modeling is a powerful method to understand complex phenomena and systems through mathematical 

descriptions. It enables us to study the dynamics of  complex systems and predict their responses under specific circumstances 

— equilibria that are stable or unstable, bifurcation, persistence. An immense number of  mathematical models have been 

suggested and investigated(Chattopadhyay and Arino , 1999; Annavarapu, R.B. and M. Sharma, 2022; Majeed , 2024).The 

predator-prey model is a fundamental tool in scientific biology, particularly for determining how populations interact in their 

natural environment. Population biology is a subject of  natural science that analyzes the forces shaping populations. The 

scientific theory of  animal migration proposes that living creatures seek better living conditions (Hameed and H. M. Al-

Saedi,2021;Alabacy et al., 2024; Majeed, 2024). 

Moreover, Radiea and  Majeed (2021) studied migration happens in a prey-predator system with several patches. Various 

reasons, including as competition, age, gender, food scarcity, climate, and season, may induce animals to migrate from one patch 

to another. Many academics (Samuel , 2020; Majeed and Ghafel,2022; Zhong et al., 2025) have researched the significance of  

fear in biology and ecology (Aziz and Majeed, 2024; Majeed, 2024). Fear has a greater impact on decreasing growth, according 

to the development of  mathematical models (Hadi and Majeed,2024). Since then, numerous researchers have considered the 

fear effect of  predators in dynamical studies of  prey-predator relationships. 

However, Hassan and Majeed (2025) studied an ecological model with Sokol-Howell functional response, This is a variation of  

Holling type III. According to the Sokol-Howell model, predator consumption ratios rise with prey density before plateauing 

due to constraints such as the time required to locate and consume each prey item. Predators cannot constantly increase their 

consumption ratios, even when prey is abundant (Saha and Samanta, 2021). We will use the Sokol-Howell functional response 

to investigate predator-prey behavior and estimate the effects of  both infected and uninfected predators.Enatsu and et al. The 

research in (Enatsu et al., 2024) investigates a predator-prey model with cooperative specialist predators. Likewise, pairs of  

expert predators have been found to capture a higher percentage of  their final target prey through collaboration. It is this that 

gives rise to the prey-predator models with co-operative hunters (Shawka and Majeed, 2024). A study on hunting cooperation 

and fear among predators of  prey Belew=021C0 and Melese (2022) an eco-epidemiological model was proposed and 

investigated by Shawka, and Majeed (2025) with internal competition captured through fear. 

A survey of  things like the spread, pathogenesis, treatment and other influences which concern us directly. Eco-epidemic 

models study disease dynamics in ecosystems of  competing populations(Shalan , 2020; Shaikh et al , 2020; Moustafa, 

2020).Medicine's primary mathematical models are first-order ordinary differential equations , which have been researched using 

both qualitative and quantitative methods(Anderson and May, 1986; Akhtar et al., 2024). 

Singh and Kaladhar (2024) investigate mathematical models of  epidemics, which are essentially population models, although 

epidemiology is about sickness outcomes (and possibly control) (Venturino, 2016) . Finding such population models is 

differentiated than the one where some states are pathogenic agents (Benhamou, 2024) thus it makes sense to explore 

this.Scientisits used to study a myriad of  predator-prey models, essentially determining if  the disease is transmitted by prey, the 

predator or both (Matlob and S. Naji,2025). The disease partition predator model into two categories: Infected predators and 

https://www.researchgate.net/profile/Raveendra-Annavarapu-2?_tp=eyJjb250ZXh0Ijp7InBhZ2UiOiJwdWJsaWNhdGlvbiIsInByZXZpb3VzUGFnZSI6bnVsbH19
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Healthy predators also considers the infected predator's organisms. This has put many species at risk of  extinction due to 

epidemics (Ghadeer and M. A. Mohammed,2021).Furthermore, Bezabih and et al. (2021) investigated how disease spreads from 

diseased predators to healthy individuals by direct contact, contributing to a better understanding of  the epidemiological 

mechanisms that drive ecosystem dynamics   (Kebedow et al., 2025). 

Noutchie and et al. (2024) provide a novel predator-prey model that adds Susceptible-Infected (SI) disease dynamics within the 

predator population; infected predators are more likely to die as a result of  disease-induced death (Cojocaru et al., 2020; Joudha 

and S. N. A. Al-Azzawi, 2025).  

This research created and investigated an eco-epidemiological model that incorporates prey in the protective zone, prey in the 

predatory zone, susceptible and infected predators, and Sokol-Howell functional responses to characterize feeding processes. 

Our research explores the impact of migration, fear, hunting, and sickness on the dynamics of solutions. 

MATHEMATICAL MODEL 

    This paper proposed a model of (prey in a protected area, prey in an unprotected area, healthy predator and infected 

predator), the total population densities at time (T) are referred to  𝐸1𝑟(𝑇), 𝐸1p(𝑇), 𝐸2s(𝑇), 𝐸2𝐼(𝑇), respectively with Sokol-

Howell functional response for analysis. 

    
𝑑𝐸1𝑟

𝑑𝑇
= 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝜌1𝐸1𝑟 + 𝜌2𝐸1𝑝 − 𝑚1𝐸1𝑟 , 

   
𝑑𝐸1p

𝑑𝑇
=

𝑔2𝐸1𝑝

1+ 𝑓𝐸2𝑠
− c 𝐸1𝑝

2 + 𝜌1𝐸1𝑟 − 𝜌2𝐸1𝑝 − 
𝑎𝐸1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2  

− 𝛿1𝐸2𝑠
2 𝐸1𝑝 − 𝑚2𝐸1𝑝  ,                            (1) 

   
𝑑𝐸2𝑠

𝑑𝑇
=

b𝐸1𝑝𝐸2𝑠

α+ 𝛾𝐸1𝑝
2 + 𝛿2𝐸1𝑝𝐸2𝑠

2 − 𝐹𝐸2𝑠𝐸2𝐼 − 𝑚3𝐸2𝑠 ,  

     
𝑑𝐸2𝐼

𝑑𝑇
= F𝐸2𝑠𝐸2𝐼 − d𝐸2𝐼 .                                                               

With the following initial condition 𝐸1𝑟(0) ≥ 0 ,𝐸1𝑝(0) ≥ 0 ,𝐸2𝑠(0) ≥ 0 and 𝐸2𝐼(0) ≥ 0. The biological meaning of  the 

characteristics in system (1), Table 1: 

 

Table 1 Biological description,of  system's (1) parameters 

Parameters, Bio-description, 

𝑔𝑖 >  0, 𝑖 = 1,2 
The intrinsic growth ratios of  prey in the protection zone and predatory zone, 

respectively 

𝑘 > 0. Carrying capacity of  the prey in protection zone 

𝜌𝑖 > 0, 𝑖 = 1,2 The prey unit migration and is the prey unit emigration of  the prey population in 

protection zone and predatory zone, respectively, 

𝑚𝑖 > 0, 𝑖 = 1,2,3  Natural death ratios for prey in the protection ,zone, predatory zone and the 

susceptible predator, respectively  

𝑓 > 0 .   The fear ratio in predatory zone of  the susceptible predator, 

𝑐 > 0.  Internal competition ratio of  prey, in predatory zone 

𝑎 > 0.  Attack ratio of  prey in predatory zone by the susceptible predator 

𝑏 > 0.  Food transformation ratio for prey in predatory zone  

𝛼 > 0., Half-saturation constant, 

𝛾 > 0. Inverse measure of  inhibitory action, 
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𝛿𝑖 > 0, 𝑖 = 1,2 Hunting cooperation ratios of  prey,in predatory zone and susceptible predator, 

respectively,   

𝐹 > 0. The disease transmission between the susceptible and infected predators, 

respectively  

𝑑 > 0. Natural the mortality ratio of  the afflicted predator, due to disease 

 

It is, anyway easy to verify that all the functions with partial derivatives in system (1) are continuous,in R_+^4; we mean in 

E_1r,,E_p1,〗 𝐸_2s and E_2I variables. Hence they are Lipschitzian functions, that meaning one unique solution of  system 

(1) as function of  initial conditions. The following theorem shows that the system is uniformly bounded.  

Theorem 2.1: All solutions of  system (1) that start in R+
4  are uniformly bounded. 

Proof: Let (𝐸1𝑟(𝑡) , 𝐸1𝑝(𝑡) , 𝐸2s(𝑡) , 𝐸2𝐼(𝑡))  be any solution of  system (1) with non-negative initial 

conditions  ( 𝐸1𝑟(0) , 𝐸1p(0) , 𝐸2𝑠(0) , 𝐸2𝐼(0) ) ∈ 𝑅+
4 .  

Assume that 𝐸′ = 𝐸1𝑟(𝑡) + 𝐸1p(𝑡) +  𝐸2s(𝑡) + 𝐸2𝐼(𝑡), then by drive 𝐸′ along the solution of  system (1), imply  

      
𝑑𝐸′

𝑑𝑡
= 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝜌1𝐸1𝑟 + 𝜌1𝐸1𝑟 − 𝑚1𝐸1𝑟 +

𝑔2𝐸1𝑝

1+ 𝑓𝐸2𝑠
− c 𝐸1𝑝

2 − 

𝜌2𝐸1𝑝 + 𝜌2𝐸1𝑝 − 
𝑎𝐸1𝑝𝐸2𝑠

𝛼 + 𝛾𝐸1𝑝
2  

+ 𝛿2𝐸1𝑝𝐸2𝑠
2 − 𝛿1𝐸2𝑠

2 𝐸1𝑝 +
b𝐸1𝑝𝐸2𝑠

α +  𝛾𝐸1𝑝
2 − 𝑚2𝐸1𝑝 

+F𝐸2𝑠𝐸2𝐼 − d𝐸2𝐼 − 𝐹𝐸2𝑠𝐸2𝐼 − 𝑚3𝐸2𝑠. 

Now, by the biological facts, always   𝑏 <  𝑎 and  𝛿2 < 𝛿1   hence it is obtained that  

      
𝑑𝐸′

𝑑𝑡
≤ 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝑚1𝐸1𝑟 + 𝑔2𝐸1𝑝(1 −

𝑐

𝑔2
𝐸1𝑝) − 𝑚2𝐸1𝑝 − 𝑚3𝐸2𝑠 − d𝐸2𝐼 . 

Thus,  

       
𝑑𝐸′

𝑑𝑡
≤ 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) + 𝑔2𝐸1𝑝(1 −

𝑐

𝑔2
𝐸1𝑝) −  𝑚′𝐸′, 

where  𝑚′ = min  {𝑚1 , 𝑚2 , 𝑚3 , d }. 

Now, since the logistic function  𝑓1(𝐸1𝑟) = 𝑔1𝐸1𝑟 −
𝑔1𝐸1𝑟

2

𝑘
 is bounded above by the constant

𝑘𝑔1

4
 . 

Also, since the logistic function 𝑓2(𝐸1𝑝) = 𝑔2𝐸1𝑝 (1 −
𝑐

𝑔2
𝐸1𝑝) is bounded above by the constant

𝑔2
2

4c
, so it is observed that 

      
𝑑𝐸′

𝑑𝑡
+ 𝑚′𝐸′ ≤ 𝑅  ,  where  R =

1

4
(k𝑔1 +

𝑔2
2

𝑐
). 

Then by solving the above differential inequality for the initial value 𝐸(0) = 𝐸0, it is obtained that 

      𝐸(𝑡) ≤
𝑅

𝑚′ + (𝐸0 −
𝑅

𝑚′) 𝑒−𝑚′𝑡  . 

Then,   

      lim
𝑡→∞

𝐸(𝑡) ≤
𝑅

𝑚′  . 

So , 0 ≤ 𝐸(𝑡) ≤
𝑅

𝑚′  ,the solutions are evenly bounded. 
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EXISTENCE OF EQUILIBRIUM POINTS (EPs), 

Its improved that the system (1) has discussed all the points of equilibrium that can check the conditions of existence which 

are summarized below:  

• The (EP) 𝐸0 = (0, 0, 0,0 ) always exists. 

• The (EP) 𝐸1 = (𝐸̅1𝑟 , 0, 0,0 ), where 𝐸̅1𝑟 =
𝑘(𝑔1−(𝜌1+𝑚1))

𝑔1
   exists if the following condition holds  

     𝑔1 > 𝜌1 + 𝑚1.                                                                                                                                                    (2) 

• The (EP)  𝐸2 = (0 , 𝐸̿1𝑝, 0,0 ) where 𝐸̿1𝑝 =
𝑔2−(𝜌2+𝑚2) 

𝑐
 exists if the following condition holds  

    𝑔2 > 𝜌2 + 𝑚2.                                                                                                                                                              (3)      

• The (EP) 𝐸3 = (𝐸1𝑟
∗ , 𝐸1𝑝

∗  ,0,0 ) exists uniquely in 𝑅+
2  if the following system: 

   𝑔1𝐸1𝑟 (1 −
𝐸1𝑟

𝑘
) − 𝜌1𝐸1𝑟 + 𝜌2𝐸1𝑝 − 𝑚1𝐸1𝑟 = 0,                                                                                                   (4) 

   𝑔2𝐸1𝑝 − 𝑐𝐸1𝑝
2 + 𝜌1𝐸1𝑟−𝜌2𝐸1𝑝 − 𝑚2𝐸1𝑝 = 0,                                                                                                          (5) 

has a positive solution  

From Equation (4) we have  

             𝐸1𝑝 =
  𝐸1𝑟[𝑔1(𝐸1𝑟 − 𝑘) + 𝑘(𝑚1 + 𝜌1)] 

𝑘𝜌2

.                                                                                                          (6) 

by substituting Equation (6) in Equation (5), we find the following equation. 

          𝜉1𝐸1𝑟
3 + 𝜉2𝐸1𝑟

2 + 𝜉3𝐸1𝑟 + 𝜉4 = 0,                                                                                                             (7)           

where:  

          𝜉1 = −𝑐𝑔1
2,  

           𝜉2 = 2ck𝑔1(𝑔1 + 𝑘(𝑚1 + 𝜌1)),  

                        𝜉3 = 𝑘[𝑐𝑘2[(𝑚1+𝜌1)[𝑔1(2 − 𝑔1) − (𝑚1 + 𝜌1)]] + 𝑔1𝜌2(𝑔2 + 𝑚2 − 𝜌2)],  

           𝜉4 = k[3(𝑚1 + 𝜌1) + 𝑘𝜌2[(𝑔2 + 𝜌1𝜌2) + 𝑔1(𝜌2 + 𝑚2)]].           

 Clearly, by Descartes’s rule, Equation (7) improved a unique positive root 𝐸1𝑟  if  the following conditions hold:  

 𝐸1𝑟 < 𝑘,                                                                                                                                                                                 (8) 

𝑘(𝑚1 + 𝜌1) >   𝑔1(𝑘 − 𝐸1𝑟),                                                                                                                                             (9) 

2 < 𝑔1 < 2(𝑚1 +   𝜌1),                                                                                                                                                     (10) 

𝑔1(2 − 𝑔1) > (𝑚1 + 𝜌1).                                                                                                                               (11) 

 So, the (EP) 𝐸3 = (𝐸1𝑟
∗ , 𝐸1𝑝

∗  ,0,0) where 𝐸1𝑝
∗   = 𝐸1𝑝(𝐸1𝑟

∗ )  exists with if  the above conditions hold. 

• The (EP) 𝐸4 = (0, 𝐸̃1𝑝, 𝐸̃2𝑠, 𝐸̃2𝐼 ) exists uniquely in 𝑅+
3  if the following system:  

𝑔2

1 + 𝑓𝐸2𝑠

− 𝑐𝐸1𝑝 − 𝜌2 −
𝑎𝐸2𝑠

𝛼 + 𝛾𝐸1𝑝
2 − 𝛿1𝐸2𝑠

2 − 𝑚2 = 0,                                                                                   (12) 

b𝐸1𝑝

α +  𝛾𝐸1𝑝
2 + 𝛿2𝐸1𝑝E2𝑠 − 𝐹𝐸2𝐼 − 𝑚3 = 0,                                                                                                             (13) 

  F𝐸2𝑠 − d  = 0,                                                                                                                                                              (14)   

 has a positive solution.  

From Equation (14), we have  

     𝐸̃2𝑠 =
𝑑

𝐹
.                                                                                                                                                                           (15) 
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by substituting Equation (15) in Equation (12), we find the following equation. 

          ж1𝐸1𝑝
3 + ж2𝐸1𝑝

2 + ж3𝐸1𝑝 + ж4 = 0,                                                                               (16) 

 where: 

       ж1 = −𝑐𝛾𝐹3(𝐹 + 𝑓𝑑), 

       ж2 = 𝛾𝐹2[𝑔2 − (𝐹 + 𝑓𝑑)(𝛿1𝑑
2 + 𝑚2𝐹)], 

       ж3 = −𝑐𝛼𝐹3(𝐹 + 𝑓𝑑), 

        ж4 = 𝐹2[𝐹 + 𝑓𝑑 + 𝛼𝑔2] − [𝑎𝑑 + 𝛼(𝛿1𝑑
2 + 𝑚2𝐹)].  

Clearly, by Descartes’s rule, Equation (16) improved a unique positive root say 𝐸̃1𝑝 if  the following conditions hold: 

𝑔2 < (𝐹 + 𝑓𝑑)(𝛿1𝑑
2 + 𝑚2𝐹),                                                                                                                (17) 

𝐹2[𝐹 + 𝑓𝑑 + 𝛼𝑔2] > [𝑎𝑑 + 𝛼(𝛿1𝑑
2 + 𝑚2𝐹)].                                                                                  (18) 

Now, by substituting 𝐸̃1𝑝 in Equation (13), we get 

 𝐸̃2𝐼 = (
𝐹𝑏𝐸̃1𝑝−(𝛼+𝛾𝐸̃1𝑝

2 )(𝛿2𝑑𝐸̃1𝑝+𝑚3𝐹)

𝐹2(𝛼+𝛾𝐸̃1𝑝
2 )

),                                                                                                                          (19) 

So, 𝐸4 = (0, 𝐸̃1𝑝, 𝐸̃2𝑠, 𝐸̃2𝐼 ) exist if  the next condition holds: 

𝐹𝑏𝐸̃1𝑝 > (𝛼 + 𝛾𝐸̃1𝑝
2 )(𝛿2𝑑𝐸̃1𝑝 + 𝑚3𝐹).                                                                                                                        (20) 

• The (EP) 𝐸5 = (Ě1𝑟 , Ě1𝑝, Ě2𝑠, 0)  exists uniquely in 𝑅+
3  if the following system: 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝜌1𝐸1𝑟 +

𝜌2𝐸1𝑝 − 𝑚1𝐸1𝑟 = 0,                                                                                (21)      

•  
𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
− 𝑐𝐸1𝑝

2 + 𝜌1𝐸1𝑟 − 𝜌2𝐸1𝑝 −
𝑎𝐸2𝑠𝐸1𝑝

𝛼+𝛾𝐸1𝑝
2 − 𝛿1𝐸1𝑝𝐸2𝑠

2 − 𝑚2𝐸1𝑝 = 0,                                          (22)      

b𝐸1𝑝

α+ 𝛾𝐸1𝑝
2 + 𝛿2𝐸1𝑝E2𝑠 − 𝐹𝐸2𝐼 − 𝑚3 = 0,                                                                                                  (23) 

has a positive solution.  

From Equation (21), have 

  

            𝐸1𝑝 =
  𝐸1𝑟[𝑔1(𝐸1𝑟 − 𝑘) + 𝑘(𝑚1 + 𝜌1)]

𝑘𝜌2

.                                                                                                         (24) 

From Equation (23), have 

             𝐸2𝑠 =
𝑏𝐸1𝑝 − 𝑚3(𝛼 + 𝛾𝐸1𝑝

2 )

𝛿2𝐸1𝑝(𝛼 + 𝛾𝐸1𝑝
2 )

.                                                                                                                            (25) 

Now, by subtitling Equation (24) and (25), find the following equation. 

       ɞ1𝐸1𝑟
4 + ɞ2𝐸1𝑟

3 + ɞ3𝐸1𝑟
2 + ɞ4𝐸1𝑝 + ɞ5 = 0,                                                                         (26)    

where: 

ɞ1 = −𝛾𝑚3𝑔1
2, 

ɞ2 = [2𝑘𝑔1(𝑚3𝛾𝑔1 + 𝑚1 + 𝜌1)],  

ɞ3 = 𝑘𝑔1[𝜌2𝑏 − 𝑘[𝛾𝑔1𝑚3 − (𝑚1 + 𝜌1)(2 + 𝑚1 + 𝜌1)]], 

ɞ4 = 𝑏𝜌2𝑘
2(𝑚1 + 𝜌1 − 𝑔1), 

ɞ5 = −𝛼𝑚3𝑘
2𝜌2

2.             

Descartes' rule clearly states that either Eq. (26) has no root, or there are two roots, say,Ě1𝑟 , Ě′
1𝑟 . 

So, 𝐸5 = (Ě1𝑟 , Ě1𝑝, Ě2𝑠, 0)   𝑎𝑛𝑑    𝐸6 = (Ě′
1𝑟 , Ě

′
1𝑝, Ě

′
2𝑠, 0) , where  Ě1𝑝 = 𝐸1𝑝(Ě1𝑟),  Ě

′
1𝑝 = 𝐸1𝑝(Ě′

1𝑟), Ě2𝑠 =

𝐸2𝑠(Ě1𝑝) 𝑎𝑛𝑑  Ě′
2𝑠 = 𝐸2𝑠(Ě

′
1𝑝) exist, where if  in addition to condition,(2) the following conditions hold, 
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Ě1𝑟 < 𝑘,                                                                                                                                                          (27) 

𝑘(𝑚1 + 𝜌1) > 𝑔1(𝑘 − 𝐸1𝑟),                                                                                                                                              (28) 

𝑏Ě1𝑝 > 𝑚3(𝛼 + 𝛾Ě1𝑝
2 ).                                                                                                                                                      (29) 

• The positive equilibrium point (PEP) 𝐸7 = (𝐸̇1𝑟 , 𝐸̇1𝑝, 𝐸̇2𝑠, 𝐸̇2𝐼) exists uniquely in 𝑅+
4  if the following system: 

𝑔1𝐸1𝑟 (1 −
𝐸1𝑟

𝑘
) − 𝜌1𝐸1𝑟 + 𝜌2𝐸1𝑝 − 𝑚1𝐸1𝑟 = 0,                                                                                                 (30)      

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
− 𝑐𝐸1𝑝

2 + 𝜌1𝐸1𝑟 − 𝜌2𝐸1𝑝 −
𝑎𝐸2𝑠𝐸1𝑝

𝛼+𝛾𝐸1𝑝
2 − 𝛿1𝐸1𝑝𝐸2𝑠

2 − 𝑚2𝐸1𝑝 = 0,                                                            (31)      

b𝐸1𝑝

α+ 𝛾𝐸1𝑝
2 + 𝛿2𝐸1𝑝E2𝑠 − 𝐹𝐸2𝐼 − 𝑚3 = 0,                                                                                                                   (32) 

F𝐸2𝑠 − d  = 0,                                                                                                                                                             (33) 

has a positive solution. 

From Equation (30), we have 

  

             𝐸1𝑝 =
  𝐸1𝑟[𝑔1(𝐸1𝑟 − 𝑘) + 𝑘(𝑚1 + 𝜌1)]

𝑘𝜌2

.                                                                                                      (34) 

From Equation (33), we have 

           𝐸̇2𝑠 =
𝑑

𝐹
.                                                                                                                                                                 (35) 

by substituting Equation (34), (35), and (31), obtain the equation 

      ʑ1𝐸1𝑟
8 + ʑ2𝐸1𝑟

7 + ʑ3𝐸1𝑟
6 + ʑ4𝐸1𝑟

5 + ʑ5𝐸1𝑟
4 + ʑ6𝐸1𝑟

3 + ʑ7𝐸1𝑟
2 + ʑ8𝐸1𝑟 + ʑ9 = 0,             (36)  

 where: 

ʑ1 = −(1 +
𝑓𝑑

𝐹
)
𝑐𝛾𝑔1

4

𝑘4𝜌2
4, 

ʑ2 = −(1 +
𝑓𝑑

𝐹
)
4𝑐𝛾𝑘𝑔1

4

𝑘4𝜌2
4 , 

ʑ3 = (
𝛾𝑔1

3

𝑘3𝜌2
3) [𝑔2 − (1 +

𝑓𝑑

𝐹
)(

6𝑐𝑘2𝑔1

𝑘𝜌2

−
𝛿1𝑑

2

𝐹2
− 𝑚2) − 1] − 𝑐 (1 +

𝑓𝑑

𝐹
)(

6𝛾𝑘2𝑔1
2(𝑚1 + 𝜌1)

2

𝑘4𝜌2
4 ), 

ʑ4 =
3𝛾𝑔1

2(𝑚1 + 𝜌1 − 𝑔1)

𝑘2𝜌2
3 [𝑔2 − (1 +

𝑓𝑑

𝐹
) [

𝛿1𝑑
2

𝐹2
+ 𝑚2 + 𝜌2]]

+ 𝛾 (1 +
𝑓𝑑

𝐹
) [4𝑐𝑔1 (

1 + (𝑚1 + 𝜌1)
2(3𝑔1 − (𝑚1 + 𝜌1))

𝑘𝜌2
4 ) + (

𝜌1𝑔1
2

𝑘2𝜌2
2)], 

ʑ5 =
3𝛾𝑔1

2(𝑔1 − 3(𝑚1 + 𝜌1))[2 − (𝑚1 + 𝜌1)]

𝑘𝜌2
3 [𝑔2 + (1 +

𝑓𝑑

𝐹
) (𝜌2 − 𝑚2 −

𝛿1𝑑
2

𝐹2
)] − (1 +

𝑓𝑑

𝐹
) (

𝑔1
2

𝑘𝜌2
2) [

𝑐𝛾

𝑘
+ 2𝛾𝜌1]

− 𝛾 (
𝑘𝑔1

4 + 𝑔1(𝑚1 + 𝜌1)[6 − 4(𝑚1 + 𝜌1) + (𝑚1 + 𝜌1)
2]

𝑘𝜌2
4 ), 

ʑ6 = 𝛾 (
𝑔1 − [𝑔1

2 − 3(𝑚1 + 𝜌1)(𝑔1 − (𝑚1 + 𝜌1))] + (𝑚1 + 𝜌1)
3

𝜌2
3 ) [𝑔2 − (1 +

𝑓𝑑

𝐹
) (

𝛿1𝑑
2

𝐹2
+ 𝜌2 − 𝑚2)]

+ (1 +
𝑓𝑑

𝐹
) [𝑐𝛼 (

2𝑔1[𝑔1 − (𝑚1 + 𝜌1)]

𝑘𝜌2
2 ) − 𝛾𝑔1 (

4𝑔1(𝑚1 + 𝜌1)

𝑘3𝜌2
4 ) + 𝛾𝜌1 (

𝑔1[𝑘 + 2(𝑚1 + 𝜌1)]

𝑘𝜌2
2 )], 
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ʑ7 = (1 +
𝑓𝑑

𝐹
) [−𝑐𝛼 (

𝑘𝑔1[𝑔1 − 2(𝑚1 + 𝜌1)] + (𝑚1 + 𝜌1)

𝑘𝜌2
2 ) + 𝛾𝜌1 (

(𝑚1 + 𝜌1)[−2𝑔1 + 𝑚1 + 𝜌1]

𝜌2
2 )

− (
𝑔1

𝑘𝜌2

)[𝛼 (
1

𝑘
+ 𝑚2 +

𝛿1𝑑
2

𝐹2
)] + 𝑎𝑑] +

𝛼𝑔1𝑔2

𝑘𝜌2

+
3𝛾(𝑚1 + 𝜌1)

𝑘2𝜌2
4 , 

ʑ8 =
𝑚1 + 𝜌1 − 𝑔1

𝜌2

(𝛼 [1 − (1 +
𝑓𝑑

𝐹
) (𝜌2 + 𝑚2 +

𝛿1𝑑
2

𝐹2
)] − 𝑎𝑑) + (1 +

𝑓𝑑

𝐹
) [𝛼𝜌1 −

12𝛾𝑔1
3(𝑚1 + 𝜌1)

𝑘𝜌2
4 ], 

ʑ9 = 𝑐 (1 +
𝑓𝑑

𝐹
) [4𝛾𝑔1

3𝑘4(𝑚1 + 𝜌1)]. 

Clearly, according to the Descartes’s rule, Eq.(36) has a unique positive root say 𝐸̇1𝑟 ,by the condition,(2) with the next 

conditions: 

𝑔2 < (1 +
𝑓𝑑

𝐹
) (

6𝑐𝑘2𝑔1

𝑘𝜌2

−
𝛿1𝑑

2

𝐹2
− 𝑚2) + 1,                                                                                     (37) 

𝑔1 > max {
𝑚1 + 𝜌1

3
, 3(𝑚1 + 𝜌1)} ,                                                                                                       (38) 

𝑔2 > (1 +
𝑓𝑑

𝐹
) [

𝛿1𝑑
2

𝐹2
+ 𝑚2 + 𝜌2],                                                                                                       (39) 

4𝑐𝑔1 (
1 + (𝑚1 + 𝜌1)

2(3𝑔1 − (𝑚1 + 𝜌1))

𝑘𝜌2
4 ) > (

𝜌1𝑔1
2

𝑘2𝜌2
2),                                                                 (40) 

(𝑚1 + 𝜌1) < 2,                                                                                                                                           (41) 

𝜌2 > 𝑚2 +
𝛿1𝑑

2

𝐹2
,                                                                                                                                       (42) 

(𝑚1 + 𝜌1)[4 + 𝑚1 + 𝜌1] < 6,                                                                                                                 (43) 

(𝑚1 + 𝜌1)
3 > (𝑔1

2 − 3(𝑚1 + 𝜌1)(𝑔1 − (𝑚1 + 𝜌1)),                                                                        (44) 

𝑔2 < (1 +
𝑓𝑑

𝐹
) (

𝛿1𝑑
2

𝐹2
+𝜌2 − 𝑚2),                                                                                                       (45) 

𝛾𝑔1 (
4𝑔1(𝑚1 + 𝜌1)

𝑘3𝜌2
4 ) >  𝑐𝛼 (

2𝑔1[𝑔1 − (𝑚1 + 𝜌1)]

𝑘𝜌2
2 ) + 𝛾𝜌1 (

𝑔1[𝑘 + 2(𝑚1 + 𝜌1)]

𝑘𝜌2
2 ),             (46) 

(1 +
𝑓𝑑

𝐹
) [−𝑐𝛼 (

𝑘𝑔1[𝑔1 − 2(𝑚1 + 𝜌1)] + (𝑚1 + 𝜌1)

𝑘𝜌2
2 ) + 𝛾𝜌1 (

(𝑚1 + 𝜌1)[−2𝑔1 + 𝑚1 + 𝜌1]

𝜌2
2 )

− (
𝑔1

𝑘𝜌2

)[𝛼 (
1

𝑘
+ 𝑚2 +

𝛿1𝑑
2

𝐹2
) + 𝑎𝑑]

>
𝛼𝑔1𝑔2

𝑘𝜌2

+
3𝛾(𝑚1 + 𝜌1)

𝑘2𝜌2
4 ,                                                                                            (47) 

(1 +
𝑓𝑑

𝐹
)(𝜌2 + 𝑚2 +

𝛿1𝑑
2

𝐹2
+ 𝑎𝑑) < 1,                                                                                              (48) 

𝛼𝜌1 <
12𝛾𝑔1

3(𝑚1 + 𝜌1)

𝑘𝜌2
4 .                                                                                                                         (49) 

Now, from Equation (32), we have 

              𝐸2𝐼 =
[𝑏𝐸1𝑝+(𝛿2𝐸1𝑝−𝑚3)(𝛼+𝛾𝐸1𝑝

2 )]

𝐹(𝛼+𝛾𝐸1𝑝
2 )

.                                                                                                     (50) 

So, 𝐸7 = (𝐸̇1𝑟 , 𝐸̇1𝑝, 𝐸̇2𝑠, 𝐸̇2𝐼) exist if  the next conditions hold, where 𝐸̇1𝑝 = 𝐸1𝑝(𝐸̇1𝑟)  𝑎𝑛𝑑  𝐸̇2𝐼 = 𝐸2𝐼(𝐸̇1𝑝)  
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𝛿2𝐸̇1𝑝 > 𝑚3,                                                                                                                                               (51) 

𝑔1(𝑘 − 𝐸1𝑟) < 𝑘(𝑚1 + 𝜌1).                                                                                                                                           (52) 

LOCAL STABILITY (LS) 

       The local stability (LS) of system (1) have been discussed at each equilibrium point by obtaining the Jacobian matrix 

(𝐽𝑀), and determining the eigenvalues, of system (1), at all points. 

Note that,, we denote the eigenvalues, of (𝐽𝑀) 𝐽𝑖 ; 𝑖 = 0, 1, … 7 that, characterize the dynamics in, the 𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼 

directions as 𝜆 𝑖𝐸1𝑟
, 𝜆 𝑖𝐸1𝑝

, 𝜆 𝑖𝐸2𝑠
 and 𝜆𝑖𝐸2𝐼

 respectively. The Jacobian matrix  𝐽(𝐸1𝑟 , 𝐸1𝑝 , 𝐸2𝑠, 𝐸2𝐼) of the system (1) at 

each point can be expressed as 𝐽 = [Ф𝑖𝑗]4×4′  .          

        Ф11 = 𝑔1 (1 −
2𝐸1𝑟

𝑘
) − (𝜌1 + 𝑚1),                    Ф12 = 𝜌2,            

     Ф13 = Ф14 = 0,                       Ф21 = 𝜌1,            

      Ф22 =
𝑔2

1+𝑓𝐸2𝑠
− 2𝑐𝐸1𝑝 −

𝑎𝐸2𝑠(𝛼−𝛾𝐸1𝑝
2 )

(𝛼+𝛾𝐸1𝑝
2 )2

− 𝛿1𝐸2𝑠
2 − (𝜌2 + 𝑚2),              

      Ф23 =
−𝑔2𝑓𝐸1𝑝

(1+𝑓𝐸2𝑠)
2 −

𝑎𝐸1𝑝

𝛼+𝛾𝐸1𝑝
2 − 2𝛿1𝐸2𝑠𝐸1𝑝,                  Ф24 = 0,            

      Ф31 = 0,           Ф32 =
𝑏𝐸2𝑠(𝛼−𝛾𝐸1𝑝

2 )

(𝛼+𝛾𝐸1𝑝
2 )2

+ 𝛿2𝐸2𝑠
2 ,               

       Ф33 =
𝑏𝐸1𝑝

𝛼+𝛾𝐸1𝑝
2 + 2𝛿2𝐸1𝑝𝐸2𝑠 − 𝐹𝐸2𝐼 − 𝑚3,              Ф34 = −𝐹𝐸2𝑠, 

      Ф41 = Ф42 = 0,                Ф43 = 𝐹𝐸2𝐼 ,            Ф44 = 𝐹𝐸2𝑠 − 𝑑. 

• The (𝐽𝑀) of system (1) at 𝐸0 = (0, 0, 0,0) it can be written as, 

  

   𝐽0 =  𝐽(𝐸0) = [

𝑔1 − (𝜌1 + 𝑚1) 𝜌2 0
𝜌1 𝑔2 − (𝜌2 + 𝑚2) 0
0 0 −𝑚3

0 0 0

    

0
0
0

−𝑑

]                                             (53) 

So, the characteristic equation of  𝐽0 is 

            (𝑔1 − (𝜌1 + 𝑚1) −  𝜆 )(𝑔2 − (𝜌2 + 𝑚2) − 𝜆 )(−𝑚3 − 𝜆 )(−d −  𝜆)  = 0,                           (54) 

and hence the eigenvalues of   𝐽0  are 

            𝜆0𝐸1𝑟
= 𝑔1 − (𝜌1 + 𝑚1),      𝜆0𝐸1𝑝

= 𝑔2 − (𝜌2 + 𝑚2),       𝜆0𝐸2𝑠
= −𝑚3 < 0, 

   and   𝜆0𝐸2𝐼
= −𝑑 < 0 . 

Hence 𝐸0 is a (LAS), by reversing conditions (2) and (3) and it is unstable, otherwise.  

• The (𝐽𝑀) of system (1) at,  𝐸1 = (𝐸̅1𝑟 , 0, 0,0 ) can be written as 

          𝐽1 =  𝐽(𝐸1) =

[
 
 
 
 𝑔1 (1 −

2𝐸̅1𝑟

𝑘
) − (𝜌1 + 𝑚1) 𝜌2 0 0

𝜌1 𝑔2 − (𝜌2 + 𝑚2) 0 0
0 0 −𝑚3 0
0 0 0 −𝑑]

 
 
 
 

                          (55)  

So, the characteristic equation of   𝐽1 is 

          (𝑔1 (1 −
2𝐸̅1𝑟

𝑘
) − (𝜌1 + 𝑚1) − 𝜆 ) (𝑔2 − (𝜌2 + 𝑚2) − 𝜆)[(−𝑚3 − 𝜆)(−𝑑 − 𝜆)] = 0,         (56) 

and hence the eigenvalues of  𝐽1 are: 

         𝜆1𝐸1𝑟
 = 𝑔1 (1 −

2𝐸̅1𝑟

𝑘
) − (𝜌1 + 𝑚1) , 
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         𝜆1𝐸1𝑝
 = 𝑔2 − (𝜌2 + 𝑚2), 

          𝜆1𝐸2𝑠
= −𝑚3 < 0,               𝑎𝑛𝑑       𝜆1𝐸2𝐼

= −𝑑 < 0. 

Hence  𝐸1 is a locally asymptotically stable, by reversing condition (3) and in addition to the condition 

  
𝑘

2
 < 𝐸̅1𝑟 < 𝑘.                                                                                                                                                    (57) 

 It is unstable otherwise. 

• The (𝐽𝑀) of system (1) at  𝐸2 = (0 , 𝐸̿1𝑝, 0,0 ) where 𝐸̿1𝑝 =
𝑔2−(𝜌2+𝑚2) 

𝑐
  can be written as   

𝐽2 =  𝐽(𝐸2) = [𝜈𝑖𝑗  ]4×4
                                                                                                                                 (58) 

where: 

      𝜈11 = 𝑔1 − (𝜌1 + 𝑚1),     𝜈12 = 𝜌2 ,        𝜈13 = 0,       𝜈14 = 0,  

      𝜈21 = 𝜌1  ,      𝜈22 = 𝑔2 − 2𝑐𝐸̿1𝑝 − (𝜌2 + 𝑚2) ,  

       𝜈23 = −𝑔2𝑓𝐸̿1𝑝 −
𝑎𝐸̿1𝑝

𝛼+𝛾𝐸̿1𝑝
2 ,     𝜈24 = 0 ,      𝜈31 = 0 ,     𝜈32 = 0, 

      𝜈33 =
𝑏𝐸̿1𝑝

𝛼+𝛾𝐸̿1𝑝
2 − 𝑚3,                 𝜈34 = 0,       𝜈41 = 0,       𝜈42 = 0, 

      𝜈43 = 0,               𝜈44 = −𝑑. 

So, the characteristic equation of   𝐽2 is: 

(𝑔1 − (𝜌1 + 𝑚1) − 𝜆)(𝑔2 − 2𝑐𝐸̿1𝑝 − (𝜌2 + 𝑚2) − 𝜆) [(
𝑏𝐸̿1𝑝

𝛼 + 𝛾𝐸̿1𝑝
2

− 𝑚3  − 𝜆) (−𝑑 − 𝜆)] = 0.        (59) 

And hence the eigenvalues of  𝐽2 are: 

         𝜆2𝐸1𝑟
= 𝑔1 − (𝜌1 + 𝑚1),         𝜆2𝐸1𝑝

= 𝑔2 − 2𝑐𝐸̿1𝑝 − (𝜌2 + 𝑚2), 

         𝜆2𝐸2𝑠
=

𝑏𝐸̿1𝑝

𝛼+𝛾𝐸̿1𝑝
2 − 𝑚3     and   𝜆2𝐸2𝐼

= −𝑑. 

Hence 𝐸2 is locally asymptotically stable, by reversing condition (2) and in addition to the  following conditions holds:  

𝑔2 < 2𝑐𝐸̿1𝑝 + (𝜌2 + 𝑚2),                                                                                                                                                 (60) 

 
𝑏𝐸̿1𝑝

𝛼 + 𝛾𝐸̿1𝑝
2

< 𝑚3.                                                                                                                                                                  (61) 

It is unstable, otherwise. 

• The (𝐽𝑀) of system (1) at, 𝐸3 = (𝐸1𝑟
∗ , 𝐸1𝑝

∗  ,0,0 ) this can be written as 

             𝐽3 =  𝐽(𝐸3) = [Θ∗
𝑖𝑗  ]4×4

                                                                                                                                       (62) 

where: 

 Θ∗
11 = 𝑔1 (1 −

2𝐸1𝑟
∗

𝑘
) − (𝜌1+𝑚1),     Θ

∗
12 = 𝜌2,     Θ

∗
13 = Θ∗

14 = 0,      

 Θ∗
21 = 𝜌1,     Θ

∗
22 = 𝑔2 − 2𝑐𝐸1𝑝

∗ − (𝜌2 + 𝑚2),     Θ
∗
23 = −𝑔2𝑓𝐸1𝑝

∗ −
𝑎𝐸1𝑝

∗

𝛼+𝛾𝐸∗
1𝑝
2 ,    Θ∗

24 = 0, 

 Θ∗
31 = Θ∗

32 = 0,                    Θ∗
33 =

𝑏𝐸1𝑝
∗

𝛼+𝛾𝐸∗
1𝑝
2 − 𝑚3,     Θ

∗
34 = 0, 

         Θ∗
41 = Θ∗

42 = 0,     Θ∗
43 = 0,     Θ∗

44 = −d. 

So, the characteristic equation of  𝐽3 is: 
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(𝑔1 (1 −
2𝐸1𝑟

∗

𝑘
) − (𝜌1+𝑚1) − 𝜆) (𝑔2 − 2𝑐𝐸1𝑝

∗ − (𝜌2 + 𝑚2) − 𝜆) 

[(
𝑏𝐸1𝑝

∗

𝛼 + 𝛾𝐸∗
1𝑝
2 − 𝑚3 − 𝜆) (−d − λ)] = 0.                                                                                                             (63) 

And hence the eigenvalues of  𝐽3 are: 

𝜆3𝐸1𝑟
= 𝑔1 (1 −

2𝐸1𝑟
∗

𝑘
) − (𝜌1+𝑚1),      𝜆3𝐸1𝑝

= 𝑔2 − 2𝑐𝐸1𝑝
∗ − (𝜌2 + 𝑚2), 

𝜆3𝐸2𝑠
=

𝑏𝐸1𝑝
∗

𝛼 + 𝛾𝐸∗
1𝑝
2 − 𝑚3,      𝜆3𝐸2𝐼

= −𝑑.       

Hence 𝐸3 is locally asymptotically stable under the following conditions: 

𝐸1𝑟
∗ >

𝑘

2
,                                                                                                                                                        (64) 

𝑔2 < 2𝑐𝐸1𝑝
∗ + (𝜌2 − 𝑚2),                                                                                                                        (65) 

𝑚3 > 𝑏𝐸1𝑝
∗ /𝛼 + 𝛾𝐸∗

1𝑝
2 .                                                                                                                               (66) 

It is unstable otherwise. 

• The (𝐽𝑀) of system (1) at 𝐸4 = (0, 𝐸̃1𝑝, 𝐸̃2𝑠, 𝐸̃2𝐼) can be written as 

    𝐽4 =  𝐽(𝐸4) = [𝜔̃𝑖𝑗
[4]

]
4×4

                                                                                                                           (67) 

where: 

𝜔̃11
[4]

= 𝑔1 − (𝜌1+𝑚1),      𝜔̃12
[4]

= 𝜌2,      𝜔̃13
[4]

= 0,      𝜔̃14
[4]

= 0, 

𝜔̃21
[4]

= 𝜌1,      𝜔̃22
[4]

=
𝑔2

1 + 𝑓𝐸̃2𝑠

− 2𝑐𝐸̃1𝑝 −
𝑎𝐸̃2𝑠(𝛼 − 𝛾𝐸̃1𝑝

2 )

(𝛼 + 𝛾𝐸̃1𝑝
2 )2

− 𝛿1𝐸̃2𝑠
2 − (𝜌2 + 𝑚2), 

𝜔̃23
[4]

=
−𝑔2𝑓𝐸̃1𝑝

(1 + 𝑓𝐸̃2𝑠)
2
−

𝑎𝐸̃1𝑝

𝛼 + 𝛾𝐸̃1𝑝
2

− 2𝛿1𝐸̃2𝑠𝐸̃1𝑝,      𝜔̃24
[4]

= 0, 

𝜔̃31
[4]

= 0,      𝜔̃32
[4]

=
𝑏𝐸̃2𝑠(𝛼 − 𝛾𝐸̃1𝑝

2 )

(𝛼 + 𝛾𝐸̃1𝑝
2 )2

+ 𝛿2𝐸̃2𝑠
2 ,       

𝜔̃33
[4]

=
𝑏𝐸̃1𝑝

𝛼 + 𝛾𝐸̃1𝑝
2

+ 2𝛿2𝐸̃1𝑝𝐸̃2𝑠 − 𝐹𝐸̃2𝐼 − 𝑚3, 

𝜔̃34
[4]

= −𝐹𝐸̃2𝑠,          𝜔̃41
[4]

= 𝜔̃42
[4]

= 0,            𝜔̃43
[4]

= 𝐹𝐸̃2𝐼 ,      𝜔̃44
[4]

= 𝐹𝐸̃2𝑠 − 𝑑. 

Finally, the characteristic equation of   𝐽4 is given by,: 

                      𝜆4 + ℬ̃1
[4]

𝜆3 + ℬ̃2
[4]

 𝜆2 + ℬ̃3
[4]

𝜆 + ℬ̃4
[4]

= 0,                                                                                    (68) 

where 

        ℬ̃1
[4]

= −[𝜔̃11
[4]

+ 𝜔̃33
[4]

+ 𝜔̃44
[4]

], 

        ℬ̃2
[4]

= [(𝜔̃33
[4]

+ 𝜔̃44
[4]

)(𝜔̃11
[4]

+ 𝜔̃22
[4]

) + 𝜔̃33
[4]

𝜔̃44
[4]

− (𝜔̃34
[4]

𝜔̃43
[4]

+ 𝜔̃23
[4]

𝜔̃32
[4]

+ 𝜔̃12
[4]

𝜔̃21
[4]

)], 

        ℬ̃3
[4]

= − [(𝜔̃33
[4]

+ 𝜔̃44
[4]

)(𝜔̃11
[4]

𝜔̃22
[4]

− 𝜔̃12
[4]

𝜔̃21
[4]

) + (𝜔̃11
[4]

+ 𝜔̃22
[4]

)(𝜔̃33
[4]

𝜔̃44
[4]

− 𝜔̃34
[4]

𝜔̃43
[4]

) −

                        𝜔̃23
[4]

𝜔̃32
[4]

(𝜔̃11
[4]

+ 𝜔̃44
[4]

)], 

        ℬ̃4
[4]

= [(𝜔̃33
[4]

𝜔̃44
[4]

− 𝜔̃34
[4]

𝜔̃43
[4]

)(𝜔̃11
[4]

𝜔̃22
[4]

− 𝜔̃12
[4]

𝜔̃21
[4]

) − 𝜔̃11
[4]

𝜔̃23
[4]

𝜔̃32
[4]

𝜔̃44
[4]

]. 
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So, by Routh-Hurwitz criteria, Equation (68) has real negative real parts, if  and only if  ℬ̃1
[4]

> 0, ℬ̃3
[4]

> 0, ℬ̃4
[4]

> 0  and 

 𝛥̃ = (ℬ̃1
[4]

ℬ̃2
[4]

− ℬ̃3
[4]

  )ℬ̃3
[4]

− ℬ̃2
1
[4]

ℬ̃4
[4]

> 0. 

Clearly,, we have  ℬ̃𝑖
[4]

> 0, 𝑖 = 1, 3, 4 if  in addition to reversing conditions,(2)  the following conditions  hold,:: 

𝐸̃1𝑝
2 <

𝛼

𝛾
,                                                                                                                                                       (69) 

𝑔2

1 + 𝑓𝐸̃2𝑠

< 2𝑐𝐸̃1𝑝 +
𝑎𝐸̃2𝑠(𝛼 − 𝛾𝐸̃1𝑝

2 )

(𝛼 + 𝛾𝐸̃1𝑝
2 )2

+ 𝛿1𝐸̃2𝑠
2 + (𝜌2 + 𝑚2),                                                                                 (70) 

𝑏𝐸̃1𝑝

𝛼 + 𝛾𝐸̃1𝑝
2

+ 2𝛿2𝐸̃1𝑝𝐸̃2𝑠 < 𝐹𝐸̃2𝐼 + 𝑚3,                                                                                                                           (71) 

𝐸̃2𝑠 <
𝐹

𝑑
,                                                                                                                                                       (72) 

𝜔̃11
[4]

𝜔̃22
[4]

> 𝜔̃12
[4]

𝜔̃21
[4]

.                                                                                                                                  (73) 

Straightforward computation shows that: 

∆̃= ∆̃1 − ∆̃2, ,where: 

        ∆̃1= [𝜔̃11
[4]

𝜔̃12
[4]

𝜔̃21
[4]

− 𝜔̃33
[4]

𝜔̃44
[4]

(2𝜔̃11
[4]

+ 𝜔̃22
[4]

) + 𝜔̃34
[4]

𝜔̃43
[4]

(𝜔̃33
[4]

+ 𝜔̃44
[4]

− 𝜔̃22
[4]

)] [(𝜔̃33
[4]

+ 𝜔̃44
[4]

)(𝜔̃11
[4]

𝜔̃22
[4]

− 𝜔̃12
[4]

𝜔̃21
[4]

)

+ (𝜔̃11
[4]

+ 𝜔̃22
[4]

)(𝜔̃33
[4]

𝜔̃44
[4]

− 𝜔̃34
[4]

𝜔̃43
[4]

)], 

       ∆̃2= [𝜔̃2
11
[4]

+ (𝜔̃33
[4]

+ 𝜔̃44
[4]

)(𝜔̃11
[4]

+ 𝜔̃22
[4]

) + 𝜔̃33
[4]

𝜔̃44
[4]

] (𝜔̃33
[4]

+ 𝜔̃44
[4]

) + 𝜔̃22
[4]

𝜔̃33
[4]

𝜔̃44
[4]

][𝜔̃23
[4]

𝜔̃32
[4]

(𝜔̃11
[4]

+ 𝜔̃44
[4]

) + (𝜔̃11
[4]

+ 𝜔̃33
[4]

+ 𝜔̃44
[4]

)2 [(𝜔̃33
[4]

𝜔̃44
[4]

− 𝜔̃34
[4]

𝜔̃43
[4]

)(𝜔̃11
[4]

𝜔̃22
[4]

− 𝜔̃12
[4]

𝜔̃21
[4]

) − 𝜔̃11
[4]

𝜔̃23
[4]

𝜔̃32
[4]

𝜔̃44
[4]

], 

Consequently, 𝛥̃ = (ℬ̃1
[4]

ℬ̃2
[4]

− ℬ̃3
[4]

  )ℬ̃3
[4]

− ℬ̃2
1
[4]

ℬ̃4
[4]

> 0 if  in addition of  the above conditions (69 − 73) the following 

conditions hold,: 

                                   ∆̃1> ∆̃2                                (74)                                                            

So, eigenvalues of 𝐽4 have a negative real part, which indicates that  𝐸4 is locally stable, and unstable otherwise.                                                                                                                                                                                

• The (𝐽𝑀) of system (1) of  𝐸5 = (𝐸̌1𝑟 , 𝐸̌1𝑝, 𝐸̌2𝑠, 0) can be written as,  

   𝐽5 = 𝐽(𝐸5) = [ ℒ̌𝑖𝑗]4×4
 ,                                                                                                                                    (75) 

where: 

      ℒ̌11 = 𝑔1 (1 −
2𝐸̌1𝑟

𝑘
) − (𝜌1+𝑚1),         ℒ̌12 = 𝜌2,          ℒ̌13 = ℒ̌14 = 0 ,  

      ℒ̌21 = 𝜌1,      ℒ̌22 =
𝑔2

1+𝑓𝐸̌2𝑠
− 2𝑐𝐸̂1𝑝 −

𝑎𝐸̌2𝑠(𝛼−𝛾𝐸̌1𝑝
2 )

(𝛼+𝛾𝐸̌1𝑝
2 )2

− 𝛿1Ě2𝑠
2 − (𝜌2 + 𝑚2), 

      ℒ̌23 =
−𝑔2𝑓Ě1𝑝

(1+𝑓Ě2𝑠)
2 −

𝑎Ě1𝑝

𝛼+𝛾Ě1𝑝
2 − 2𝛿1Ě2𝑠Ě1𝑝,          ℒ̌24 = ℒ̌31 = 0, 

          ℒ̌32 =
𝑏Ě2𝑠(𝛼 − 𝛾Ě1𝑝

2 )

(𝛼 + 𝛾Ě1𝑝
2 )2

+ 𝛿2Ě2𝑠
2 , ℒ̌33 =

𝑏Ě1𝑝

𝛼 + 𝛾Ě1𝑝
2

+ 2𝛿2Ě1𝑝Ě2𝑠 − 𝑚3, 

          ℒ̌34 = −𝐹Ě2𝑠,        ℒ̌41 = ℒ̌42 = ℒ̌43 = 0,          ℒ̌44 = 𝐹Ě2𝑠 − 𝑑. 

Finally, the characteristic equation of   𝐽5 is given by, 



Natural Resources for    
Human Health 
eISSN: 2583-1194 

 

 

213 

Natural Resources for Human Health (NRFHH) 
https://nrfhh.com 

                      𝜆4 + 𝔅̌1
̽ 𝜆3 + 𝔅̌2

̽  𝜆2 + 𝔅̌3
̽ 𝜆 + 𝔅̌4

̽ = 0,                                                                                            (76) 

where 

        𝔅̌1
̽  = −[ℒ̌11 + ℒ̌22 + ℒ̌33 + ℒ̌44], 

        𝔅̌2
̽ = [ℒ̌11(ℒ̌22 + ℒ̌33 + ℒ̌44) + ℒ̌22(ℒ̌33 + ℒ̌44) + ℒ̌33ℒ̌44 − ℒ̌23ℒ̌32 − ℒ̌12ℒ̌21], 

        𝔅̌3
̽ = −[(ℒ̌33 + ℒ̌44)(ℒ̌11ℒ̌22 − ℒ̌12ℒ̌21) + (ℒ̌33ℒ̌44)(ℒ̌11 + ℒ̌22) − ℒ̌23ℒ̌32(ℒ̌11 + ℒ̌44)], 

        𝔅̌4
̽ = [ℒ̌33ℒ̌44(ℒ̌11ℒ̌22 − ℒ̌12ℒ̌21) − ℒ̌11ℒ̌23ℒ̌32ℒ̌44]. 

So, by Routh-Hurwitz criteria, Equation (76) has real negative real parts, if  and only if  𝔅̌1
̽ > 0, 𝔅̌3

̽ > 0, 𝔅̌4
̽ > 0  and  𝛥̌ =

(𝔅̌1
̽ 𝔅̌2

̽ − 𝔅̌3
̽   )𝔅̌3

̽  − 𝔅̌1
̽2𝔅̌4

̽  > 0. 

Clearly,, we have  𝔅̌𝑖
̽ > 0, 𝑖 = 1, 3, 4 if  in addition to reversing conditions (2)  the following conditions are hold:: 

𝐸̌1𝑟 >
𝑘

2
,,                                                                                                                                                      (77) 

𝐸̌1𝑝
2 <

𝛼

𝛾
,                                                                                                                                                       (78) 

𝑔2

1 + 𝑓𝐸̂2𝑠

< 2𝑐𝐸̌1𝑝 +
𝑎𝐸̌2𝑠(𝛼 − 𝛾𝐸̌1𝑝

2 )

(𝛼 + 𝛾𝐸̌1𝑝
2 )2

+ 𝛿1𝐸̌2𝑠
2 + (𝜌2 + 𝑚2),                                                                 (79) 

𝑏Ě1𝑝

𝛼 + 𝛾Ě1𝑝
2

+ 2𝛿2Ě1𝑝Ě2𝑠 < 𝑚3,                                                                                                                     (80) 

Ě2𝑠 <
𝐹

𝑑
,                                                                                                                                                                       (81) 

ℒ̌11ℒ̌22 > ℒ̌12ℒ̌21.                                                                                                                                          (82) 

Straightforward computation shows that: 

𝛥̌ = 𝛥̌1 − 𝛥̌2 ,where: 

       𝛥̌1 = [ℒ̌11(ℒ̌12ℒ̌21 − ℒ̌33ℒ̌44) + (ℒ̌22 + ℒ̌33 + ℒ̌44)[−ℒ̌11(ℒ̌22 + ℒ̌33 + ℒ̌44) − ℒ̌33ℒ̌44] +

                               ℒ̌33ℒ̌44(ℒ̌11 + ℒ̌22) − ℒ̌23ℒ̌32(ℒ̌11 + ℒ̌44)][(ℒ̌33 + ℒ̌44)(ℒ̌12ℒ̌21 − ℒ̌11ℒ̌22) +

                              ℒ̌23ℒ̌32(ℒ̌11 + ℒ̌44)], 

    𝛥̌2 = ℒ̌11
2 + ℒ̌22(ℒ̌33 + ℒ̌44)[ℒ̌22(ℒ̌33 + ℒ̌44)] + [ℒ̌11 + ℒ̌22 + ℒ̌33 +                   ℒ̌44]

2ℒ̌33ℒ̌44(ℒ̌11ℒ̌22 − ℒ̌12ℒ̌21) +

ℒ̌11ℒ̌23ℒ̌32ℒ̌44, 

Consequently, 𝛥̌ = (𝔅̌1
̽ 𝔅̌2

̽ − 𝔅̌3
̽   )𝔅̌3

̽  − 𝔅̌1
̽2𝔅̌4

̽  > 0  if  in addition of  the above conditions (77 − 82) the following 

conditions hold,: 

                                                                         𝛥̌1 > 𝛥̌2                                                                               (83) 

So, eigenvalues of  𝐽5  have a negative real part, which indicates that  𝐸5  is locally stable . Similarly for (EP) 𝐸6 =

(Ě′
1𝑟 , Ě

′
1𝑝, Ě

′
2𝑠, 0) .  

Otherwise, 𝐸5 and 𝐸6 are unstable. 

• Finally, the (𝐽𝑀) of  system (1) of  𝐸7 = (𝐸̇1𝑟 , 𝐸̇1𝑝 , 𝐸̇2𝑠, 𝐸̇2𝐼)  it can be written as: 

      𝐽7 =  𝐽(𝐸7) = [𝒷̀𝑖𝑗  ]4×4
                                                                                                                       (84) 

where: 

𝒷̀11 = 𝑔1 (1 −
2𝐸̇1𝑟

𝑘
) − (𝜌1+𝑚1),      𝒷̀12 = 𝜌2,      𝒷̀13 = 𝒷̀14 = 0, 

𝒷̀21 = 𝜌1,      𝒷̀22 =
𝑔2

1 + 𝑓𝐸̇2𝑠

− 2𝑐𝐸̇1𝑝 −
𝑎𝐸2𝑠(𝛼 − 𝛾𝐸̇1𝑝

2 )

(𝛼 + 𝛾𝐸̇1𝑝
2 )2

− 𝛿1𝐸̇2𝑠
2 − (𝜌2 + 𝑚2), 
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𝒷̀23 =
−𝑔2𝑓𝐸̇1𝑝

(1 + 𝑓𝐸̇2𝑠)
2
−

𝑎𝐸̇1𝑝

𝛼 + 𝛾𝐸̇1𝑝
2

− 2𝛿1𝐸̇2𝑠𝐸̇1𝑝,      𝒷̀24 = 0, 

𝒷̀31 = 0,      𝒷̀32 =
𝑏𝐸̇2𝑠(𝛼 − 𝛾𝐸̇1𝑝

2 )

(𝛼 + 𝛾𝐸̇1𝑝
2 )2

+ 𝛿2𝐸̇2𝑠
2 ,     𝒷̀33 =

𝑏𝐸̇1𝑝

𝛼 + 𝛾𝐸̇1𝑝
2

+ 2𝛿2𝐸̇1𝑝𝐸̇2𝑠 − 𝐹𝐸̇2𝐼 − 𝑚3, 

𝒷̀34 = −𝐹𝐸̇2𝑠,      𝒷̀41 = 𝒷̀42 = 0,           𝒷̀43 = 𝐹𝐸̇2𝐼 ,      𝒷̀44 = 𝐹𝐸̇2𝑠 − 𝑑. 

Finally, the characteristic equation of  𝐽7 is given by, 

                      𝜆4 + β̇1𝜆
3 + β̇2 𝜆

2 + β̇3 𝜆 + β̇4 = 0,                                                                                        (85) 

where 

       β̇1 = −[𝒷̀11 + 𝒷̀33 + 𝒷̀44],                                                                                                    

   β̇2 = [(𝒷̀33 + 𝒷̀44)(𝒷̀11 + 𝒷̀22) + 𝒷̀33𝒷̀44 − (𝒷̀34𝒷̀43 + 𝒷̀23𝒷̀32 + 𝒷̀12𝒷̀21)], 

   β̇3 = −[(𝒷̀33 + 𝒷̀44)(𝒷̀11𝒷̀22 − 𝒷̀12𝒷̀21) + (𝒷̀11 + 𝒷̀22)(𝒷̀33𝒷̀44 − 𝒷̀34𝒷̀43) −                     𝒷̀23𝒷̀32(𝒷̀11 + 𝒷̀44)], 

   β̇4 = [(𝒷̀33𝒷̀44 − 𝒷̀34𝒷̀43)(𝒷̀11𝒷̀22 − 𝒷̀12𝒷̀21) − 𝒷̀11𝒷̀23𝒷̀32𝒷̀44]. 

So, by Routh-Hurwitz criteria, Equation (85) has real negative real parts, if  and only if  β̇1 > 0, β̇3 > 0, β̇4 > 0  and  𝛥̇ =

(β̇1β̇2 − β̇3  )β̇3 − β̇1
2β̇4 > 0. 

Clearly,, we have  β̇𝑖 > 0, 𝑖 = 1, 3, 4 if  in addition to reversing condition,(2) the following conditions are hold:: 

 𝐸̇1𝑟 <
𝑘

2
,                                                                                                                                                                                (86) 

𝐸̇1𝑝
2 <

𝛼

𝛾
,                                                                                                                                                       (87) 

𝑔2

1 + 𝑓𝐸̇2𝑠

< 2𝑐𝐸̇1𝑝 +
𝑎𝐸2𝑠(𝛼 − 𝛾𝐸̇1𝑝

2 )

(𝛼 + 𝛾𝐸̇1𝑝
2 )2

+ 𝛿1𝐸̇2𝑠
2 + (𝜌2 + 𝑚2),                                                                                 (88) 

𝐹𝐸̇2𝐼 + 𝑚3 >
𝑏𝐸̇1𝑝

𝛼 + 𝛾𝐸̇1𝑝
2

+ 2𝛿2𝐸̇1𝑝𝐸̇2𝑠,                                                                                                                           (89) 

𝐸̇2𝑠 <
𝐹

𝑑
,                                                                                                                                                                             (90) 

𝒷̀11𝒷̀22 > 𝒷̀12𝒷̀21.                                                                                                                                      (91) 

Straightforward computation shows that: 

𝛥̇ = 𝛥̇1 − 𝛥̇2 , where: 

        𝛥̇1 = [𝒷̀11𝒷̀12𝒷̀21 − 𝒷̀33𝒷̀44(2𝒷̀11 + 𝒷̀22) + 𝒷̀34𝒷̀43(𝒷̀33 + 𝒷̀44 − 𝒷̀22)][(𝒷̀33 + 𝒷̀44)(𝒷̀11𝒷̀22 − 𝒷̀12𝒷̀21)

+ (𝒷̀11 + 𝒷̀22)(𝒷̀33𝒷̀44 − 𝒷̀34𝒷̀43)], 

       𝛥̇2 = [𝒷̀11
2 + (𝒷̀33 + 𝒷̀44)(𝒷̀11 + 𝒷̀22) + 𝒷̀33𝒷̀44](𝒷̀33 + 𝒷̀44) + 𝒷̀22𝒷̀33𝒷̀44][𝒷̀23𝒷̀32(𝒷̀11 + 𝒷̀44) + (𝒷̀11 + 𝒷̀33

+ 𝒷̀44)
2[(𝒷̀33𝒷̀44 − 𝒷̀34𝒷̀43)(𝒷̀11𝒷̀22 − 𝒷̀12𝒷̀21) − 𝒷̀11𝒷̀23𝒷̀32𝒷̀44], 

Consequently, 𝛥̇ = (β̇1β̇2 − β̇3  )β̇3 − β̇1
2β̇4 > 0 if  in addition of  the above conditions (86 − 91) the following conditions 

hold,: 

                                𝛥̇1 > 𝛥̇2                                                                              (92) 

So, eigenvalues of  𝐽7 have a negative real part, which indicates that  𝐸7 is locally stable, and unstable otherwise 

GLOBAL STABILITY (GS) 

In this section the (GS) of the (Eps) of system (1), which are (LAS) of system (1), have been analytically, studied with the 

suitable Lyapunov functions. 
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Theorem 5.1: The (EP) 𝐸0 = (0, 0, 0,0 ) is a globally asymptotically stable (GAS) in the subregion ф0 ⊂ 𝑅+
4   that satisfies 

the next condition: 

     𝑚1𝐸1𝑟 + 𝑚2𝐸1𝑝 + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼 >
1

4
(𝑘𝑔1 +

𝑔2
2

𝑐
),                                                                             (93) 

Proof:  Regard the function,: 

 𝑍̇0(𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼) =  𝐸1𝑟  +  𝐸1𝑝 + 𝐸2𝑠 + 𝐸2𝐼 . 

Clearly, 𝑍̇0: R+
4 → R where 𝑍̇0 ∈ C1  is positive definite function, 

Now, by deriving 𝑍̇0 W.R.to time t, and simplifying the terms, we get 

             
𝑑𝑍̇0

𝑑𝑡
< 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝑚1𝐸1𝑟 +

𝑔2𝐸1𝑝

1 + 𝑓𝐸2𝑠

− 𝑐𝐸1𝑝
2 − (𝑎 − 𝑏)

𝐸1𝑝𝐸2𝑠

𝛼 + 𝛾𝐸1𝑝
2 − (𝛿1 − 𝛿2)𝐸1𝑝𝐸2𝑠

2 − 𝑚2𝐸1𝑝 − 𝑚3𝐸2𝑠

− 𝑑𝐸2𝐼 , 

Hence, by the biological facts 𝑏 < 𝑎 and 𝛿2 < 𝛿1,  so 

           
𝑑𝑍̇0

𝑑𝑡
< 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝑚1𝐸1𝑟 +

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
− 𝑐𝐸1𝑝

2 − 𝑚2𝐸1𝑝 − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 ,  

Now, since the logistic functions 𝑓1(𝐸1𝑟) = 𝑔1𝐸1𝑟 −
𝑔1𝐸1𝑟

2

𝑘
 and 𝑓2(𝐸1𝑝) = 𝑔2𝐸1𝑝 (1 −

𝑐

𝑔2
𝐸1𝑝) are bounded by constants 

(
𝑘𝑔1

4
) , (

𝑔2
2

4𝑐
) respectively. So 

          
𝑑𝑍̇0

𝑑𝑡
<

𝑘𝑔1

4
+

𝑔2
2

4𝑐
− [𝑚1𝐸1𝑟 + 𝑚2𝐸1𝑝 + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼], 

So, by condition (93)   
𝑑𝑍̇0

𝑑𝑡
< 0, and hence 𝑍̇0 is a Lyapunov function which gives a global asymptotic of  𝐸0 . 

 

Theorem 5.2: The (EP)  𝐸1 = (𝐸̅1𝑟 , 0, 0,0 ) is a (GAS) in the subregion  ф1 ⊂ 𝑅+
4  that satisfies the next conditions:  

𝐸1𝑟 > 𝐸̅1𝑟 ,                                                                                                                                                                    (94)  

𝑁1́ > 𝑁2́,                                                                                                                                                                      (95) 

where:  

    𝑁1́ = 𝑚1
(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+ 𝑚2𝐸1𝑝 + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼 , 

       𝑁2́ = 𝑔1
(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+

𝑔2
2

4𝑐
. 

Proof: Regard the function: 

 𝑍̇1(𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠 , 𝐸2𝐼) = (𝐸1𝑟 − 𝐸̅1𝑟 − 𝐸̅1𝑟𝑙𝑛
𝐸1𝑟

𝐸̅1𝑟
) + 𝐸1𝑝 + 𝐸2𝑠 + 𝐸2𝐼 . 

Clearly, 𝑍̇1: R+
4 → R where 𝑍̇1 ∈ C1  is positive definite function. 

Now, by deriving 𝑍̇1 W.R.to time t, and simplifying the terms, we get  

      
𝑑𝑍̇1

𝑑𝑡
≤ 𝑔1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
−

𝑔1

𝑘
(𝐸1𝑟 − 𝐸̅1𝑟)(𝐸1𝑟 + 𝐸̅1𝑟) − 𝑚1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
− 𝑐𝐸1𝑝

2 −                       (𝑎 − 𝑏)
𝐸1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 −

(𝛿1 − 𝛿2)𝐸1𝑝𝐸2𝑠
2 − 𝑚2𝐸1𝑝 − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 , 

by the biological facts,  𝑏 < 𝑎  &   𝛿2 < 𝛿1 and condition (94), so 



Natural Resources for    
Human Health 
eISSN: 2583-1194 

 

 

216 

Natural Resources for Human Health (NRFHH) 
https://nrfhh.com 

      
𝑑𝑍̇1

𝑑𝑡
< 𝑔1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
−

𝑔1

𝑘

(𝐸1𝑟−𝐸̅1𝑟)2(𝐸1𝑟+𝐸̅1𝑟)

𝐸1𝑟
−

𝑔1

𝑘
(𝐸1𝑟 − 𝐸̅1𝑟)(𝐸1𝑟 + 𝐸̅1𝑟) − 𝑚1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+                  

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
−

𝑐𝐸1𝑝
2 − 𝑚2𝐸1𝑝 − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 , 

Now, since the logistic function 𝑓(𝐸1𝑝) = 𝑔2𝐸1𝑝 (1 −
𝑐

𝑔2
𝐸1𝑝) is bounded by the constant (

𝑔2
2

4𝑐
). So  

    
𝑑𝑍̇1

𝑑𝑡
< − [𝑚1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+ 𝑚2𝐸1𝑝 + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼] + 𝑔1

(𝐸1𝑟−𝐸̅1𝑟)2

𝐸1𝑟
+

𝑔2
2

4𝑐
, 

    
𝑑𝑍̇1

𝑑𝑡
< −𝑁1́ + 𝑁2́, where 𝑁1́ and  𝑁2́ are provided in the state of  theorem.    

So, by condition (95)  
𝑑𝑍̇1

𝑑𝑡
 < 0 ,and hence 𝑍̇1 is a Lyapunov function which gives a global asymptotic of  𝐸1. 

Theorem 5.3: The (EP) 𝐸2 = (0, 𝐸̿1𝑝, 0, 0) is a (GAS) in the subregion ф2 ⊂ 𝑅+
4  that satisfies the next conditions: 

𝐸1𝑝 > 𝐸̿1𝑝,                                                                                                                                                      (96) 

΅𝑁1 > ΅𝑁2,                                                                                                                                                                             (97)   

where  

      ΅𝑁1 =
𝑚2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 + 𝑚1𝐸1𝑟 + 𝑐
(𝐸1𝑝−𝐸̿1𝑝)2(𝐸1𝑝+𝐸̿1𝑝)

𝐸1𝑝
+ 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼 , 

      ΅𝑁2 =
𝑔1𝑘

4
+

𝑔2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 +
𝑎𝐸̿1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̿1𝑝𝐸2𝑠

2 .   

Proof: Regard the, function :  

,𝑍̇2(𝐸1𝑟 , 𝐸1𝑝 , 𝐸2𝑠, 𝐸2𝐼 ) =  𝐸1𝑟 + (𝐸1𝑝 − 𝐸̿1𝑝 − 𝐸̿1𝑝𝑙𝑛
𝐸1𝑝

𝐸̿1𝑝
) + 𝐸2𝑠 + 𝐸2𝐼 . 

Clearly, 𝑍̇2: R+
4 → R where 𝑍̇2 ∈ C1 is a positive definite function. 

Now, by deriving 𝑍̇2 W.R.to time t, and simplifying the terms, we get  

     
𝑑𝑍̇2

𝑑𝑡
≤ 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) − 𝑚1𝐸1𝑟 +

𝑔2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 − 𝑐
(𝐸1𝑝−𝐸1𝑝)2(𝐸1𝑝+𝐸̿1𝑝)

𝐸1𝑝
+

𝑎𝐸̿1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 +                𝛿1𝐸̿1𝑝𝐸2𝑠

2 − (𝑎 −

𝑏)
𝐸1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 − (𝛿1 − 𝛿2)𝐸1𝑝𝐸2𝑠

2 −
𝑚2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 ,  

by the biological facts ,  𝑏 < 𝑎  &   𝛿2 < 𝛿1, and condition (96),so 

       
𝑑𝑧̇2

𝑑𝑡
< 𝑔1𝐸1𝑟 (1 −

𝐸1𝑟

𝑘
) +

𝑔2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 +
𝑎𝐸̿1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̿1𝑝𝐸2𝑠

2 − 𝑐
(𝐸1𝑝−𝐸̿1𝑝)2(𝐸1𝑝+𝐸̿1𝑝)

𝐸1𝑝
−

                          
𝑚2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 − 𝑚1𝐸1𝑟 − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 , 

Now, since the logistic function 𝑓(𝐸1𝑝) = 𝑔1𝐸1𝑟 (1 −
𝐸1𝑟

𝑘
) is bounded by the constant (

𝑘𝑔1

4
). So  

      
𝑑𝑍̇2

𝑑𝑡
< −[

𝑚2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 + 𝑚1𝐸1𝑟 + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼] +
𝑔1𝑘

4
+

𝑔2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 +
𝑎𝐸̿1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̿1𝑝𝐸2𝑠

2 , 

       
𝑑𝑍̇2

𝑑𝑡
< − ΅𝑁1 + ΅𝑁2, where ΅𝑁1 and ΅𝑁2 are provided in the statement of  the theorem. 

So, by condition(97) 
𝑑𝑍̇2

𝑑𝑡
 < 0, and hence 𝑍̇2 is a Lyapunov function gives global asymptotic of  𝐸2. 
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Theorem 5.4: The (EP)  𝐸3 = (𝐸1𝑟
∗ , 𝐸1𝑝

∗  ,0,0  ) is a (GAS) in the subregion 𝜑3 ⊂ 𝑅+
4   that satisfies the next conditions,:  

     𝐸1𝑟 > 𝐸1𝑟
∗ , 𝐸1𝑝 > 𝐸1𝑝

∗ ,                                                                                                                                      (98) 

   𝑁̇̇1 > 𝑁̇̇2,                                                                                                                                                               (99) 

Where: 

        𝑁̇̇1 = 𝑚1 (
𝐸1𝑟−𝐸1𝑟

∗

𝐸1𝑟
) + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼 , 

        𝑁̇̇2 = (
𝐸1𝑟−𝐸1𝑟

∗

𝐸1𝑟
)

𝑘𝑔1

4
+ 𝜌1𝐸1𝑟

∗ (
𝐸1𝑟−𝐸1𝑟

∗

𝐸1𝑟
) + 𝜌2𝐸1𝑟

∗ 𝐸1𝑝
∗ + 𝛿1𝐸1𝑝

∗ 𝐸2𝑠
2 +

𝑎𝐸1𝑝
∗ 𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 . 

Proof:  Consider the following function 

         𝑍̇3(𝐸1𝑟 , 𝐸1𝑝 , 𝐸2𝑠, 𝐸2𝐼 ) = (𝐸1𝑟 − 𝐸1𝑟
∗ − 𝐸1𝑟

∗ 𝑙𝑛
𝐸1𝑟

𝐸1𝑟
∗ ) + (𝐸1𝑝 − 𝐸1𝑝

∗ − 𝐸1𝑝
∗ 𝑙𝑛

𝐸1𝑝

𝐸1𝑝
∗ )  + 𝐸2𝑠 + 𝐸2𝐼 

Clearly, 𝑍̇3: R+
4 → R where 𝑍̇3 ∈ C1 is a positive definite function. 

Now, by deriving 𝑍̇3 W.R.to time t, and simplifying the terms, we get  

     
𝑑𝑍̇3

𝑑𝑡
≤ (

𝐸1𝑟−𝐸1𝑟
∗

𝐸1𝑟
)

𝑔1𝑘

4
+ 𝜌1𝐸1𝑟

∗ (
𝐸1𝑟−𝐸1𝑟

∗

𝐸1𝑟
) + 𝜌2𝐸1𝑟

∗ 𝐸1𝑝
∗ +

𝑔2

1+𝑓𝐸2𝑠
(𝐸1𝑝 − 𝐸1𝑝

∗ ) + 𝛿1𝐸1𝑝
∗ 𝐸2𝑠

2 +
𝑎𝐸1𝑝

∗ 𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 +

                        
𝜌1𝐸1𝑟

∗ 𝐸1𝑝
∗

𝐸1𝑝
+ 𝜌2𝐸1𝑝

∗ (
𝐸1𝑝−𝐸1𝑝

∗

𝐸1𝑝
) −

𝜌2𝐸1𝑟
∗ 𝐸1𝑝

𝐸1𝑟
−𝑚1

(𝐸1𝑟−𝐸1𝑟
∗ )2

𝐸1𝑟
− [𝑔1𝐸1𝑟

∗ (1 −
𝐸1𝑟

∗

𝑘
)] (

𝐸1𝑟−𝐸1𝑟
∗

𝐸1𝑟
) −

                       𝑐
(𝐸1𝑝−𝐸1𝑝

∗ )2(𝐸1𝑝+𝐸1𝑝
∗ )

𝐸1𝑝
−

𝜌1𝐸1𝑟𝐸1𝑝
∗

𝐸1𝑝
− (𝑎 − 𝑏)

𝐸1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 − (𝛿1 − 𝛿2)𝐸1𝑝𝐸2𝑠

2 −
𝑚2

𝐸1𝑝
(𝐸1𝑝 − 𝐸̿1𝑝)

2 −

                        𝑔2𝐸1𝑝
∗ (

𝐸1𝑝−𝐸1𝑝
∗

𝐸1𝑝
) − 𝑚3𝐸2𝑠 − 𝑑𝐸2𝐼 , 

by the biological facts  𝑏 < 𝑎  &   𝛿2 < 𝛿1 and condition (98),so 

     
𝑑𝑍̇3

𝑑𝑡
< − [𝑚1 (

𝐸1𝑟−𝐸1𝑟
∗

𝐸1𝑟
) + 𝑚3𝐸2𝑠 + 𝑑𝐸2𝐼] + (

𝐸1𝑟−𝐸1𝑟
∗

𝐸1𝑟
)

𝑔1𝑘

4
+ 𝜌1𝐸1𝑟

∗ (
𝐸1𝑟−𝐸1𝑟

∗

𝐸1𝑟
) + 𝜌2𝐸1𝑟

∗ 𝐸1𝑝
∗ +

                        𝛿1𝐸1𝑝
∗ 𝐸2𝑠

2 +
𝑎𝐸1𝑝

∗ 𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2  ,  

  
𝑑𝑍̇3

𝑑𝑡
< − 𝑁̇̇1 + 𝑁̇̇2,, where  𝑁̇̇1 and  𝑁̇̇2 are provided in the state of  theorem. 

So, by condition(99)  
𝑑𝑍̇3

𝑑𝑡
 < 0, and hence 𝑍̇3 is a Lyapunov function that gives global asymptotic of  𝐸3. 

  Theorem 5.5: The point 𝐸4 = (0, 𝐸̃1𝑝, 𝐸̃2𝑠, 𝐸̃2𝐼) is a (GAS) in the subregion ф4 ⊂ 𝑅+
4  that satisfies the next conditions,:   

𝐸1𝑝 > 𝐸̃1𝑝, 𝐸2𝑠 > 𝐸̃2𝑠, 𝐸2𝐼 > 𝐸̃2𝐼 ,                                                                                                                         (100) 

𝑁1 > 𝑁2,                                                                                                                                                                     (101) 

where: 

        𝑁1 = 𝑔1𝐸1𝑟 (
𝐸1𝑟

𝑘
− 1) + (𝑚1 + 𝜌1)𝐸1𝑟 + (

𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

)𝐸1𝑝(𝑐𝐸1𝑝 + 𝜌2) + (
𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

)(𝑚2𝐸1𝑝 + 
𝑔2𝐸̃1𝑝

1 + 𝑓𝐸̃2𝑠

), 

       𝑁2 = 𝜌2𝐸1𝑝 + (
𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

)
𝑔2𝐸1𝑝

1 + 𝑓𝐸2𝑠

+ (
𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

) 𝜌1𝐸1𝑟 + (
𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

) (
𝑎𝐸̃1𝑝𝐸̃2𝑠

𝛼 + 𝛾𝐸1𝑝
2 + 𝛿1𝐸̃1𝑝𝐸̃2𝑠

2 )

+ (
𝐸1𝑝 − 𝐸̃1𝑝

𝐸1𝑝

)𝑚2𝐸̃1𝑝. 

Proof:  Consider the following function  
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 𝑍̇4(𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼) = 𝐸1𝑟 + (𝐸1𝑝 − 𝐸̃1𝑝 − 𝐸̃1𝑝𝑙𝑛
𝐸1𝑝

𝐸̃1𝑝
 ) + (𝐸2s − 𝐸̃2𝑠 − 𝐸̃2𝑠𝑙𝑛

𝐸2s 

𝐸̃2𝑠
 ) +                                                (𝐸2𝐼 −

𝐸̃2𝐼 − 𝐸̃2𝐼𝑙𝑛
𝐸2𝐼

𝐸̃2𝐼
) 

Clearly, 𝑍̇4: R+
4 → R where 𝑍̇4 ∈ C1 is a positive definite function. 

Now, by deriving 𝑍̇4 W.R.to time t, and simplifying the terms, we get 

       
𝑑𝑍̇4

𝑑𝑡
≤ −𝑔1𝐸1𝑟 (

𝐸1𝑟

𝑘
− 1) − (𝑚1 + 𝜌1)𝐸1𝑟 + 𝜌2𝐸1𝑝 + (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
)

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
− (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝐸1𝑝(𝑐𝐸1𝑝 +

                             𝜌2) − (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝛿1𝐸1𝑝𝐸2𝑠

2 + (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝜌1𝐸1𝑟 − (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) (

𝑎𝐸1𝑝𝐸2𝑠

𝛼+𝛾𝐸1𝑝
2 ) +

                          (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝐸̃1𝑝(𝑐𝐸̃1𝑝 + 𝜌2) − (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) (𝑚2𝐸1𝑝 + 

𝑔2𝐸̃1𝑝

1+𝑓𝐸̃2𝑠
) + (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) (

𝑎𝐸̃1𝑝𝐸̃2𝑠

𝛼+𝛾𝐸1𝑝
2 +

                          𝛿1𝐸̃1𝑝𝐸̃2𝑠
2 ) + (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
)𝑚2𝐸̃1𝑝 + (𝐸2𝑠 − 𝐸̃2𝑠)

𝑏𝐸1𝑝

𝛼+𝛾𝐸1𝑝
2 + (𝐸2𝑠 − 𝐸̃2𝑠)𝛿2𝐸1𝑝𝐸2𝑠 −                          (𝐸2𝑠 −

𝐸̃2𝑠)𝐸̃1𝑝(
𝑏

𝛼+𝛾𝐸̃1𝑝
2 + 𝛿2𝐸̃2𝑠), 

by the biological facts  𝑏 < 𝑎  &   𝛿2 < 𝛿1  and condition (100), so  

    
𝑑𝑍̇4

𝑑𝑡
< −[𝑔1𝐸1𝑟 (

𝐸1𝑟

𝑘
− 1) + (𝑚1 + 𝜌1)𝐸1𝑟 + (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝑐𝐸1𝑝

2 + (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝜌2𝐸1𝑝 +

                      + (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) (𝑚2𝐸1𝑝 + 

𝑔2𝐸̃1𝑝

1+𝑓𝐸̃2𝑠
)] + 𝜌2𝐸1𝑝 + (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
)

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
+

                      (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) 𝜌1𝐸1𝑟 (

𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
) (

𝑎𝐸̃1𝑝𝐸̃2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̃1𝑝𝐸̃2𝑠

2 ) + (
𝐸1𝑝−𝐸̃1𝑝

𝐸1𝑝
)𝑚2𝐸̃1𝑝, 

     
𝑑𝑍̇4

𝑑𝑡
< −𝑁1 + 𝑁2, where 𝑁1 and 𝑁2 are provided in the state of  theorem. 

 So, by condition (101) 
𝑑𝑍̇4

𝑑𝑡
 < 0 . Hence, 

𝑑𝑍̇4

𝑑𝑡
 is negative semidefinite and 

𝑑𝑍̇4

𝑑𝑡
= 0 on the set {(𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼) ∈

𝑍̇4: Ω4 ⊆ 𝑅4 → 𝑅: 𝐸1𝑟 = 0, 𝐸1𝑝 = 𝐸̃1𝑝, 𝐸2𝑠 = 𝐸̃2𝑠, 𝐸2𝐼 > 0,.So, according to Lyapunov's first theorem, 𝐸4 is a globally stable 

point.,Furthermore, given that this set has 

     
𝑑𝐸2𝑠

𝑑𝑇
=

b𝐸̃1𝑝𝐸̃2𝑠

α+ 𝛾𝐸̃1𝑝
2 + 𝛿2𝐸̃1𝑝𝐸̃2𝑠

2 − 𝐹𝐸̃2𝑠𝐸2𝐼 − 𝑚3𝐸̃2𝑠 = 0                                                                                       (102) 

if  and only if  𝐸2𝐼 = 𝐸̃2𝐼 ,the greatest compact invariant set included in this set is reduced to the endemic (EP), 𝐸4. LaSalle's 

invariant principle states that 𝐸4 is an attractive point and so (GAS) in Ω4. 

 

It is not viable to use the Lyapunov function to examine the global stability of  two (EPs)  (𝐸5  𝑎𝑛𝑑  𝐸6) that are located 

interior of   𝑅+
4   and have distinct beginning points of  neighbourhood but the same local stability conditions, consequently as 

opposed to studying it analytically as demonstrated in the previous theorem, we shall investigate it numerically. 

Theorem 5.6: The point 𝐸7 = (𝐸̇1𝑟 , 𝐸̇1𝑝 , 𝐸̇2𝑠, 𝐸̇2𝐼)   is a (GAS) in the subregion ¥7 ⊂ 𝑅+
4  that satisfies the next conditions,: 

  𝐸1𝑟 > 𝐸̇1𝑟 , 𝐸1𝑝 > 𝐸̇1𝑝, 𝐸2𝑠 > 𝐸̇2𝑠, 𝐸2𝐼 > 𝐸̇2𝐼 ,                                                                                                           (103) 

  𝑁1
⠁ > 𝑁2

⠁,                                                                                                                                                                       (104) 

    where: 
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         𝑁1
⠁ = (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
)𝑔1𝐸1𝑟 (

𝐸1𝑟

𝑘
− 1) + (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝐸1𝑟(𝜌1 + 𝑚1) +  (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝑔1𝐸̇1𝑟 (1 −

𝐸̇1𝑟

𝑘
) +

                                 (
𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝜌2𝐸̇1𝑝 + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝐸1𝑝(𝑐𝐸1𝑝 + 𝜌2) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) (𝑚2𝐸1𝑝 +                              

𝑔2𝐸̇1𝑝

1+𝑓𝐸̇2𝑠
) + (𝐸2𝑠 −

𝐸̇2𝑠)𝐸̇1𝑝(
𝑏

𝛼+𝛾𝐸̇1𝑝
2 + 𝛿2𝐸̇2𝑠), 

       𝑁2
⠁ = (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝜌2𝐸1𝑝 + (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝐸̇1𝑟(𝜌1 + 𝑚1) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
)

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
+ (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝜌1𝐸1𝑟 +

                              (
𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝐸̇1𝑝(𝑐𝐸̇1𝑝 + 𝜌2) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) (

𝑎𝐸̇1𝑝𝐸̇2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̇1𝑝𝐸̇2𝑠

2 ) + (
𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
)𝑚2𝐸̇1𝑝. 

Proof:  Consider the following function  

     𝑍̇7(𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼) = (𝐸̇1𝑟 − 𝐸̇1𝑟 − 𝐸̇1𝑟𝑙𝑛
𝐸1𝑟

𝐸̇1𝑟
 ) + (𝐸1𝑝 − 𝐸̇1𝑝 − 𝐸̇1𝑝𝑙𝑛

𝐸1𝑝

𝐸̇1𝑝
 ) +

                                                       (𝐸2s − 𝐸̇2𝑠 − 𝐸̇2𝑠𝑙𝑛
𝐸2s 

𝐸̇2𝑠
 ) + (𝐸2𝐼 − 𝐸̇2𝐼 − 𝐸̇2𝐼𝑙𝑛

𝐸2𝐼

𝐸̇2𝐼
) 

Clearly, 𝑍̇7: R+
4 → R where 𝑍̇7 ∈ C1 is a positive definite function. 

Now, by deriving 𝑍̇7 W.R.to time t, and simplifying the terms, we get 

    
𝑑𝑍̇7

𝑑𝑡
< −[(

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝑔1𝐸1𝑟 (

𝐸1𝑟

𝑘
− 1) + (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
)𝐸1𝑟(𝜌1 + 𝑚1) +  (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝑔1𝐸̇1𝑟 (1 −

𝐸̇1𝑟

𝑘
) +

                       (
𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝜌2𝐸̇1𝑝 + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝐸1𝑝(𝑐𝐸1𝑝 + 𝜌2) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) (𝑚2𝐸1𝑝 +

𝑔2𝐸̇1𝑝

1+𝑓𝐸̇2𝑠
) + (𝐸2𝑠 −

                        𝐸̇2𝑠)𝐸̇1𝑝 (
𝑏

𝛼+𝛾𝐸̇1𝑝
2 + 𝛿2𝐸̇2𝑠)] + (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝜌2𝐸1𝑝 + (

𝐸1𝑟−𝐸̇1𝑟

𝐸1𝑟
) 𝐸̇1𝑟(𝜌1 + 𝑚1) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
)

𝑔2𝐸1𝑝

1+𝑓𝐸2𝑠
+

                     (
𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝜌1𝐸1𝑟 + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) 𝐸̇1𝑝(𝑐𝐸̇1𝑝 + 𝜌2) + (

𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
) (

𝑎𝐸̇1𝑝𝐸̇2𝑠

𝛼+𝛾𝐸1𝑝
2 + 𝛿1𝐸̇1𝑝𝐸̇2𝑠

2 ) +

                    (
𝐸1𝑝−𝐸̇1𝑝

𝐸1𝑝
)𝑚2𝐸̇1𝑝,  

  
𝑑𝑍̇7

𝑑𝑡
< −𝑁1

⠁ + 𝑁2
⠁, where 𝑁1

⠁ and 𝑁2
⠁ are given in the state of  theorem. 

 So, by conditions (103) and (104)  
𝑑𝑍̇7

𝑑𝑡
 < 0  .Hence, 

𝑑𝑍̇7

𝑑𝑡
 is negative semidefinite and 

𝑑𝑍̇7

𝑑𝑡
= 0  on the set 

{( 𝐸1𝑟 , 𝐸1𝑝, 𝐸2𝑠, 𝐸2𝐼) ∈ 𝑍̇7: Ω7 ⊆ 𝑅4 → 𝑅: 𝐸1𝑟 = 𝐸̇1𝑟 , 𝐸1𝑝 = 𝐸̇1𝑝, 𝐸2𝑠 = 𝐸̇2𝑠, 𝐸2𝐼 > 0,  so according to the Lyapunov first 

theorem 𝐸7 is globally stable point,. Further,, since on this set we have 

     
𝑑𝐸2𝑠

𝑑𝑇
=

b𝐸̇1𝑝𝐸̇2𝑠

α+ 𝛾𝐸̇1𝑝
2 + 𝛿2𝐸̇1𝑝𝐸̇2𝑠

2 − 𝐹𝐸̇2𝑠𝐸2𝐼 − 𝑚3𝐸̇2𝑠 = 0                                                                                       (105) 

if  and only if  𝐸2𝐼 = 𝐸̇2𝐼 , the greatest compact invariant set included in this set is reduced to the endemic (EP), 𝐸7. LaSalle's 

invariant principle states that 𝐸7 is an attractive point and so (GAS) in Ω7. 

 NUMERICAL SIMULATION 

      This section is devoted to the analysis of a single collection of values using numerical simulations on dynamical 

behaviour as perceived for different starting points of the system (1). Objectives of our study (Ⅰ), investigate the effect of 
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parameters on dynamics of our model. (Ⅱ) Validate our results obtained in analysis. From the aforementioned parameter set 

(106) it appears that, globally positive equilibrium point (GPEP) exist as depicted graphically in Figure (1) (a – e). 

𝑔1 = 1, 𝑘 = 1.5, 𝜌1 = 0.1, 𝜌2 = 0.2,𝑚1 = 0.00001, 𝑔2 = 1, 𝑓 = 0.00001, 𝑐 = 0001, 

𝑎 = 0.001, 𝛼 = 0.01, 𝛾 = 0.01, 𝛿1 = 0.00001,𝑚2 = 0.00001, 𝑏 = 0.0001, 𝛿2 = 0.00001, 

𝐹 = 0.001,𝑚3 = 0.0001, 𝑑 = 0.001.                                                                                                         (106) 

                       

Fig. 1. Time series of  the, system solution,(T.S.) started with different initial points  (0.0 , 0.7, 0.7, 0.8, 0.8),

(0.0 , 1 , 0.4, 0.4, 0.7 )  and (0.0, 1.5, 0.8, 0.9, 0.9).(a) 𝐸1𝑟  's time-dependent trajectory, (b) 𝐸1𝑝 's time-dependent 
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trajectory, (c) 𝐸2𝑠 's  time-dependent trajectory, (d) 𝐸2𝐼 's time-dependent trajectory, (e) trajectories of  

𝐸1𝑟 , 𝐸1p, 𝐸2s, 𝐸2𝐼  from different initial points. 

In order to illustrate the influence of  parameter values on dynamical behaviour of  the system, each parameter was varied one 

at a time via (106),(107), Table 2. 

Table 2.  The dynamical behaviour of system (1) at, each parameter of, the system 

Range of  Parameter Stable Point 

0.001 < 𝑔1 ≤ 1. 𝐸7 

0.1 < 𝑘 ≤ 1.5. 𝐸7 

0.001 < 𝜌1 ≤ 1. 𝐸7 

0.001 < 𝜌2 ≤ 1. 𝐸7 

0.00001 < 𝑚1 ≤ 1. 𝐸7 

0.00001 < 𝑔2 ≤ 1. 𝐸7 

0.0001 < 𝑓 ≤ 3. 𝐸7 

0.04 <  𝑐 ≤ 3. 𝐸7 

0.001 < 𝑎 ≤ 0.3. 𝐸7 

0.01 < 𝛼 < 2. 𝐸7 

0.01 < 𝛾 < 0.2. 𝐸7 

0.00001 < 𝛿1 < 3. 𝐸7 

0.00001 < 𝑚2 < 1. 𝐸7 

0.00001 < 𝑏 ≤ 0.001. 𝐸7 

0.000001 < 𝛿2 < 0.00001. 𝐸7 

0.001 < 𝐹 ≤ 0.03. 𝐸7 

0.00001 < 𝑚3 ≤ 0.0171, 

0.0171 < 𝑚3 ≤ 0.9, 

0.9 < 𝑚3 ≤ 1. 

𝐸7 

𝐸5 

𝐸3 

0.001 < 𝑑 ≤ 0.015. 𝐸7 

 

The effect of  change in natural death ratio, of  susceptible predator,as shown in solution (2) The impact of  changing the 

predation coefficient on predators is represented in Figure conversational - where value x0 =10.0 and , as shown in Figure 

conversational (+ ) using regular day variable )(dealer points are going into inside areas); Using usual value Laplace 

expression(LoA)(UP Kill Time axis with examples)using lineage existence expression ): where ) using linear array space size 

edition(45):Used;Equations global field point equation through addiction;Value contained so terms represent both movement 

abilities for transient speeds":[]}) Generalizations table looks similar to below(To prove some abstract properties step search 

example); How it worksitian composition rolls—> gin & generate block resins:Unconventional Horvath Duties Creept Enter 

SMR Float Quotes(false poles only line governs Nihil versions)Clera Metasa usage allows repeating cessation activity within an 

ongoing diagram (Starting Self  Cycle/C Evaluating Parameters Setting Per Annex). 
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Fig. 2. (𝑎1) (T.S.) various solutions that go to, 𝐸7 = (1.521, 0.867, 0.997,16.163) 𝑤𝑖𝑡ℎ  𝑚3 = 0.00005 ,  (𝑏1) (T.S.) of, 

the solution of  system (1) which goes to, 𝐸5 = (1.536, 0.881, 0.835,0.0002) 𝑤𝑖𝑡ℎ  𝑚3 = 0.0181 , (𝑐1) (T.S.) various 

solutions that go to, 𝐸3 = (1.536, 0.951, 0.009,4.485) for the given values in equation (106) 𝑤𝑖𝑡ℎ  𝑚3 = 0.99. 

The influence of  the growth ratios of  a prey in the protection zone, predatory zone and the natural death for the susceptible 

predator (𝑔1, 𝑔2 𝑎𝑛𝑑 𝑚3)  the solution goes to, 𝐸0 , as shown in Figure (3) with the values   𝑔1 = 𝑔2 =

0.00001 𝑎𝑛𝑑 𝑚3 = 0.1. 
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Fig. 3. (T.S.) various solutions that go to 𝐸0 = (0, 0, 0,0 ) when values 𝑔1 = 𝑔2 = 0.00001 and  𝑚3 = 0.1. 

The varying of  the prey unit emigration in protection zone and predatory zone , the ratio at which the prey grows in  predatory 

zone population, the death ratio of  the prey ,in predatory zone and the death ratio of  the susceptible predator  (𝜌1, 𝜌2, 𝑔2, 𝑚2 

and 𝑚3 ) in the range of    0.01 ≤ 𝑔2 < 0.2 , 0.001 ≤ 𝜌1 < 0.011 , 0.1 ≤ 𝜌2 < 0.6 ,0.01 ≤ 𝑚2 < 0.1 and  0.01 ≤

𝑚3 < 0.1, the solution is going to,𝐸1,  Figure (4) with the typical values 𝑔2 = 0.1,   𝜌1 = 0.01, 𝜌2 = 0.5 and 𝑚2 = 𝑚3 =

0.9. 

                                    

Fig. 4.  (T.S.) various solutions that go to,𝐸1 = (1.522, 0, 0,0) when 𝑔2 = 0.1, 𝜌1 = 0.01, 𝜌2 = 0.5 and 𝑚2 = 𝑚3 =

0.9. 

The variation in the growth ratio of  prey in protection zone population, the carry capacity of  the prey in protection zone, the 

prey unit emigration of  the prey population in protection zone and predatory zone, the death ratios of   the prey in protection 

zone and the susceptible predator population (𝑔1 , k, 𝜌1 , 𝜌2, 𝑚1  and 𝑚3) at the same time in the range 0.02 ≤ 𝑔1 <

0.001 , 0.6 ≤ 𝑘 < 0.1 , 0.6 ≤ 𝜌1 < 0.2 , 0.0122 ≤ 𝜌2 < 0.001 ,  0.95 ≤ 𝑚1 < 0.8  and 0.99 ≤ 𝑚3 < 0.81    the 

solution goes to,𝐸2, presented Figure (5), with typical values 𝑔1 = 0.01, 𝑘 = 0.5, 𝜌1 = 0.5, 𝜌2 = 0.01, 𝑚1 = 𝑚3 = 0.9. 
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Fig. 5. (T.S.) various solutions that go to,𝐸2 = (0,0.983, 0,0) when 𝑔1 = 0.01, 𝑘 = 0.5, 𝜌1 = 0.5, 𝜌2 = 0.01,   𝑚1 =

𝑚3 = 0.5. 

Moreover, varying the growth ratio of  prey in protection zone, the carry capacity of  the prey in protection zone, the prey unit 

emigration of  the prey population in protection zone and predatory zone (𝑔1, 𝑘, 𝜌1 𝑎𝑛𝑑 𝜌2) the solution is going to,𝐸4, as in 

Figure (6) with the values 𝑔1 = 0.01, 𝑘 = 0.5, 𝜌1 = 0.5 and  𝜌2 = 0.01.  

                              

Fig. 6. (T.S.) various solutions that go to,𝐸4 = (0, 0.891, 1.000,16.849) when 𝑔1 = 0.01, 𝑘 = 0.5, 𝜌1 = 0.5, 𝜌2 = 0.01. 

 

DISCUSSIONS 

The eco-epidemiological model outlined in this study builds upon previous models for SI disease transmission, incorporating 

susceptible and infected predators, prey contained within predatory and protected zones, migration of both prey-adult predator 

and the adults as well as fear considerations with cooperative hunting among infected predators. It established the uniqueness 

and boundedness of solutions, determined seven equilibrium points, and analysed their local and global asymptotic stability 

under appropriate conditions. Our results improved that the interplay between ecology and epidemiology can have a dominant 

effect on persistence and stability in interacting populations.The predicted positive response of fear and cooperative hunting 
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corresponds with the variable role of behavioral interactions in past eco-epidemiological research, where responsiveness to 

potential contact changes can markedly alter predator–prey dynamics. Liu et al. These responses can stabilize the system at low 

intensities but induce complex dynamics (including limit cycles) when their effects are strong enough (Carbone et al 2021). In 

comparison, the new simulations did not improved periodic solutions in the interior of the feasible region under a range of 

parameters examined here; adding prey migration and a predator protection zone may require an alteration to the stability 

structure of the system.The current model expands the previous models of disease in predators. Sahi and Abdul Satar (2024), 

by including mechanisms of predator disease, fear, hunting cooperation, and anti-predator behavior into a single framework 

showed how such interactions are necessary for identifying their role in equilibrium stability along with population persistence. 

Recent work on eco-epidemiological systems with sick predators also reveals that fear and cooperative hunting can have a major 

impact on predator and prey abundances (Sahi & Abdul Satar, 2024). But in a departure from such models, the current 

framework also separates prey into a predator zone and an area of safety, and includes movement between these zones. 

Another distinguishing characteristic of the present model is that its functional response is Sokol–Howell. This functional 

response has been shown to produce a variety of stability and bifurcation dynamics in predator–prey systems (e.g. Al-Momen 

& Naji, 2021). The present results extend this framework by integrating the Sokol–Howell response with co-evolution of 

predator infection, fear, and migration along with spatially consistent (adaptive) prey protection.The stability analysis improved 

that changing the parameters could lead to either stable coexistence or selective and complete extinction. Specifically, parameter 

combinations resulted in either extinction of susceptible predators, prey in the predatory zone or protection zone, or all 

interacting populations. These results indicate that population persistence is controlled by pessimistic combination of individual 

ecological and epidemiological parameters instead of any single factor. The extinction of prey in the refuge under some 

circumstances further suggests that spatial refuge by itself will not guarantee persistence when migrations, predation and disease 

interact. 

The overall outcomes of the results confirm earlier work that fear, cooperative hunting and disease can significantly modify 

predator-prey stability whilst extending previous models by simultaneously incorporating predator infection and prey protected 

zones, migration and the Sokol–Howell functional response. Therefore this integrated framework may provide a valuable 

theoretical platform on which to examine the joint effects of ecological and epidemiological pressures on population persistence 

and extinction. 

CONCLUTIONS  

 In this work, a predator–prey model that incorporated both susceptible and infected predators, as well as interaction zones 

between prey and predators has been developed and analysed. The model combines elements of fear, migration, cooperative 

hunting, disease transmission and the Sokol–Howell functional response to provide a framework where the coupled ecological 

and epidemiological dynamics of the system can be explored. 

The uniqueness and boundedness of the solutions were established through theoretical analysis, followed by examination of 

seven equilibrium points that were characterized as locally and globally asymptotically stable for appropriate parameter values. 

The analytical results were further supported by numerical simulations, which improved that varying the model parameters 

could lead to stable coexistence, selective extinction or total extinction of the interacting populations. 

The results highlight important relationships between predator disease, migration of prey, fear and protection areas in modifying 

the capacity for populations to persist over the long-term. These results underscore the need to incorporate both ecological and 

epidemiological interactions into predator–prey modeling approaches for conservation and management. Future studies could 

build on the current framework by introducing spatial diffusion, time delays, nonlinear disease incidence, environmental 

stochasticity or additional mechanisms of behavioral and management integration to better understand resilience and 

persistence in the system. 
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   ( 24 )


   ( 25 )


   ɞ 1   E  1 r 4 +  ɞ 2   E  1 r 3 +  ɞ 3   E  1 r 2 +  ɞ 4   E  1 p +  ɞ 5 = 0 ,                                                                                                                                                    ( 26 )


   ɞ 1 = − 𝛾   m 3   g 1 2 ,


   ɞ 2 =  [ 2 k   g 1  (   m 3 𝛾   g 1 +   m 1 +   𝜌 1 ) ] ,


   ɞ 3 = k   g 1  [   𝜌 2 b − k [ 𝛾   g 1   m 3 −  (   m 1 +   𝜌 1 )  ( 2 +   m 1 +   𝜌 1 ) ] ] ,


   ɞ 4 = b   𝜌 2   k 2  (   m 1 +   𝜌 1 −   g 1 ) ,


   ɞ 4 = b   𝜌 2   k 2  (   m 1 +   𝜌 1 −   g 1 ) ,


   ɞ 5 = − 𝛼   m 3   k 2   𝜌 2 2 .


     E ˇ  1 r


       E ˇ ′  1 r


    E 5 =  (    E ˇ  1 r ,    E ˇ  1 p ,    E ˇ  2 s , 0 )       a n d           E 6 =  (      E ˇ ′  1 r ,      E ˇ ′  1 p ,      E ˇ ′  2 s , 0 )


       E ˇ  1 p =   E  1 p  (    E ˇ  1 r ) ,          E ˇ ′  1 p =   E  1 p  (      E ˇ ′  1 r ) ,      E ˇ  2 s =   E  2 s  (    E ˇ  1 p )   a n d          E ˇ ′  2 s =   E  2 s (      E ˇ ′  1 p )


     E ˇ  1 r < k ,                                                                                                                                                                                                                                                                                                                      ( 27 )


  k  (   m 1 +   𝜌 1 ) >   g 1  (   k − E  1 r ) ,                                                                                                                                                                                                                                                                                             ( 28 )


  k  (   m 1 +   𝜌 1 ) >   g 1  (   k − E  1 r ) ,                                                                                                                                                                                                                                                                                             ( 28 )


  b    E ˇ  1 p >   m 3  ( 𝛼 + 𝛾    E ˇ  1 p 2 ) .                                                                                                                                                                                                                                                                                                              ( 29 )


  b    E ˇ  1 p >   m 3  ( 𝛼 + 𝛾    E ˇ  1 p 2 ) .                                                                                                                                                                                                                                                                                                              ( 29 )


    E 7 =  (     E .  1 r ,     E .  1 p ,       E .  2 s   ,   E .  2 I )


    R + 4


    g 1   E  1 r  ( 1 −     E  1 r  k ) −   𝜌 1   E  1 r +   𝜌 2   E  1 p −   m 1   E  1 r = 0 ,                                                                                                                                                                                                    ( 30 )


      g 2   E  1 p  1 + f   E  2 s − c   E  1 p 2 +   𝜌 1   E  1 r −   𝜌 2   E  1 p −   a   E  2 s   E  1 p  𝛼 + 𝛾   E  1 p 2 −   𝛿 1   E  1 p   E  2 s 2 −   m 2   E  1 p = 0 ,                                                                                                                          ( 31 )


    b   E  1 p  α +   𝛾   E  1 p 2 +   𝛿 2   E  1 p  E  2 s − F   E  2 I −   m 3 = 0 ,                                                                                                                                                                                                                                        ( 32 )


  F   E  2 s − d     = 0 ,                                                                                                                                                                                                                                                                                                                            ( 33 )


  ,


                              E  1 p =           E  1 r [ g 1  (   E  1 r − k ) + k  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 .                                                                                                                                                                                                              ( 34 )


  ,


      E .  2 s =   d  F .                                                                                                                                                                                                                                                                                                                                    ( 35 )


   ( 34 ) ,   ( 35 ) ,


   ( 31 )


   ʑ 1   E  1 r 8 +  ʑ 2   E  1 r 7 +  ʑ 3   E  1 r 6 +  ʑ 4   E  1 r 5 +  ʑ 5   E  1 r 4 +  ʑ 6   E  1 r 3 +  ʑ 7   E  1 r 2 +  ʑ 8   E  1 r +  ʑ 9 = 0 ,                            ( 36 )


   ʑ 1 = −  ( 1 +   f d  F )   c 𝛾   g 1 4    k 4   𝜌 2 4 ,


   ʑ 2 = −  ( 1 +   f d  F )   4 c 𝛾 k   g 1 4    k 4   𝜌 2 4 ,


   ʑ 2 = −  ( 1 +   f d  F )   4 c 𝛾 k   g 1 4    k 4   𝜌 2 4 ,


   ʑ 3 =  (   𝛾   g 1 3    k 3   𝜌 2 3 )  [   g 2 −  ( 1 +   f d  F )  (   6 c   k 2   g 1  k   𝜌 2 −     𝛿 1   d 2    F 2 −   m 2 ) − 1 ] − c  ( 1 +   f d  F )  (   6 𝛾   k 2   g 1 2 (   m 1 +   𝜌 1  ) 2    k 4   𝜌 2 4 ) ,


   ʑ 3 =  (   𝛾   g 1 3    k 3   𝜌 2 3 )  [   g 2 −  ( 1 +   f d  F )  (   6 c   k 2   g 1  k   𝜌 2 −     𝛿 1   d 2    F 2 −   m 2 ) − 1 ] − c  ( 1 +   f d  F )  (   6 𝛾   k 2   g 1 2 (   m 1 +   𝜌 1  ) 2    k 4   𝜌 2 4 ) ,


   ʑ 4 =   3 𝛾   g 1 2  (   m 1 +   𝜌 1 −   g 1 )    k 2   𝜌 2 3  [   g 2 −  ( 1 +   f d  F )  [     𝛿 1   d 2    F 2 +   m 2 +   𝜌 2 ] ] + 𝛾  ( 1 +   f d  F )  [ 4 c   g 1  (   1 + (   m 1 +   𝜌 1  ) 2 ( 3   g 1 −  (   m 1 +   𝜌 1 ) )  k   𝜌 2 4 ) +  (     𝜌 1   g 1 2    k 2   𝜌 2 2 ) ] ,


   ʑ 4 =   3 𝛾   g 1 2  (   m 1 +   𝜌 1 −   g 1 )    k 2   𝜌 2 3  [   g 2 −  ( 1 +   f d  F )  [     𝛿 1   d 2    F 2 +   m 2 +   𝜌 2 ] ] + 𝛾  ( 1 +   f d  F )  [ 4 c   g 1  (   1 + (   m 1 +   𝜌 1  ) 2 ( 3   g 1 −  (   m 1 +   𝜌 1 ) )  k   𝜌 2 4 ) +  (     𝜌 1   g 1 2    k 2   𝜌 2 2 ) ] ,


   ʑ 5 =   3 𝛾   g 1 2 (   g 1 − 3  (   m 1 +   𝜌 1 ) ) [ 2 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 3  [   g 2 +  ( 1 +   f d  F )  (   𝜌 2 −   m 2 −     𝛿 1   d 2    F 2 ) ] −  ( 1 +   f d  F )  (     g 1 2  k   𝜌 2 2 )  [   c 𝛾  k + 2 𝛾   𝜌 1 ] − 𝛾  (   k   g 1 4 +   g 1  (   m 1 +   𝜌 1 ) [ 6 − 4  (   m 1 +   𝜌 1 ) + (   m 1 +   𝜌 1  ) 2 ]  k   𝜌 2 4 ) ,


   ʑ 5 =   3 𝛾   g 1 2 (   g 1 − 3  (   m 1 +   𝜌 1 ) ) [ 2 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 3  [   g 2 +  ( 1 +   f d  F )  (   𝜌 2 −   m 2 −     𝛿 1   d 2    F 2 ) ] −  ( 1 +   f d  F )  (     g 1 2  k   𝜌 2 2 )  [   c 𝛾  k + 2 𝛾   𝜌 1 ] − 𝛾  (   k   g 1 4 +   g 1  (   m 1 +   𝜌 1 ) [ 6 − 4  (   m 1 +   𝜌 1 ) + (   m 1 +   𝜌 1  ) 2 ]  k   𝜌 2 4 ) ,


   ʑ 6 = 𝛾  (     g 1 −  [   g 1 2 − 3  (   m 1 +   𝜌 1 )  (   g 1 −  (   m 1 +   𝜌 1 ) ) ] + (   m 1 +   𝜌 1  ) 3    𝜌 2 3 )  [   g 2 −  ( 1 +   f d  F )  (     𝛿 1   d 2    F 2 +   𝜌 2 −   m 2 ) ] +  ( 1 +   f d  F )  [ c 𝛼  (   2   g 1  [   g 1 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) − 𝛾   g 1  (   4   g 1  (   m 1 +   𝜌 1 )    k 3   𝜌 2 4 ) + 𝛾   𝜌 1  (     g 1 [ k + 2  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) ] ,


   ʑ 6 = 𝛾  (     g 1 −  [   g 1 2 − 3  (   m 1 +   𝜌 1 )  (   g 1 −  (   m 1 +   𝜌 1 ) ) ] + (   m 1 +   𝜌 1  ) 3    𝜌 2 3 )  [   g 2 −  ( 1 +   f d  F )  (     𝛿 1   d 2    F 2 +   𝜌 2 −   m 2 ) ] +  ( 1 +   f d  F )  [ c 𝛼  (   2   g 1  [   g 1 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) − 𝛾   g 1  (   4   g 1  (   m 1 +   𝜌 1 )    k 3   𝜌 2 4 ) + 𝛾   𝜌 1  (     g 1 [ k + 2  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) ] ,


   ʑ 7 =  ( 1 +   f d  F )  [ − c 𝛼  (   k   g 1  [   g 1 − 2  (   m 1 +   𝜌 1 ) ] +  (   m 1 +   𝜌 1 )  k   𝜌 2 2 ) + 𝛾   𝜌 1  (    (   m 1 +   𝜌 1 )  [ − 2   g 1 +   m 1 +   𝜌 1 ]    𝜌 2 2 ) − (     g 1  k   𝜌 2 ) [ 𝛼  (  1  k +   m 2 +     𝛿 1   d 2    F 2 ) ] + a d ] +   𝛼   g 1   g 2  k   𝜌 2 +   3 𝛾  (   m 1 +   𝜌 1 )    k 2   𝜌 2 4 ,


   ʑ 8 =     m 1 +   𝜌 1 −   g 1    𝜌 2  ( 𝛼  [ 1 −  ( 1 +   f d  F )  (   𝜌 2 +   m 2 +     𝛿 1   d 2    F 2 ) ] − a d ) +  ( 1 +   f d  F )  [ 𝛼   𝜌 1 −   12 𝛾   g 1 3  (   m 1 +   𝜌 1 )  k   𝜌 2 4 ] ,


   ʑ 8 =     m 1 +   𝜌 1 −   g 1    𝜌 2  ( 𝛼  [ 1 −  ( 1 +   f d  F )  (   𝜌 2 +   m 2 +     𝛿 1   d 2    F 2 ) ] − a d ) +  ( 1 +   f d  F )  [ 𝛼   𝜌 1 −   12 𝛾   g 1 3  (   m 1 +   𝜌 1 )  k   𝜌 2 4 ] ,


   ʑ 9 = c  ( 1 +   f d  F )  [ 4 𝛾   g 1 3   k 4  (   m 1 +   𝜌 1 ) ] .


   ʑ 9 = c  ( 1 +   f d  F )  [ 4 𝛾   g 1 3   k 4  (   m 1 +   𝜌 1 ) ] .


      E .  1 r


    g 2 <  ( 1 +   f d  F )  (   6 c   k 2   g 1  k   𝜌 2 −     𝛿 1   d 2    F 2 −   m 2 ) + 1 ,                                                                                                                                                                            ( 37 )


    g 1 >  max ⁡   {     m 1 +   𝜌 1 3 , 3  (   m 1 +   𝜌 1 ) } ,                                                                                                                                                                                                                ( 38 )


    g 1 >  max ⁡   {     m 1 +   𝜌 1 3 , 3  (   m 1 +   𝜌 1 ) } ,                                                                                                                                                                                                                ( 38 )


    g 2 >  ( 1 +   f d  F )  [     𝛿 1   d 2    F 2 +   m 2 +   𝜌 2 ] ,                                                                                                                                                                                                                ( 39 )


    g 2 >  ( 1 +   f d  F )  [     𝛿 1   d 2    F 2 +   m 2 +   𝜌 2 ] ,                                                                                                                                                                                                                ( 39 )


  4 c   g 1  (   1 + (   m 1 +   𝜌 1  ) 2 ( 3   g 1 −  (   m 1 +   𝜌 1 ) )  k   𝜌 2 4 ) >  (     𝜌 1   g 1 2    k 2   𝜌 2 2 ) ,                                                                                                                                   ( 40 )


  4 c   g 1  (   1 + (   m 1 +   𝜌 1  ) 2 ( 3   g 1 −  (   m 1 +   𝜌 1 ) )  k   𝜌 2 4 ) >  (     𝜌 1   g 1 2    k 2   𝜌 2 2 ) ,                                                                                                                                   ( 40 )


   (   m 1 +   𝜌 1 ) < 2 ,                                                                                                                                                                                                                                                                                        ( 41 )


   (   m 1 +   𝜌 1 ) < 2 ,                                                                                                                                                                                                                                                                                        ( 41 )


    𝜌 2 >   m 2 +     𝛿 1   d 2    F 2 ,                                                                                                                                                                                                                                                                                ( 42 )


    𝜌 2 >   m 2 +     𝛿 1   d 2    F 2 ,                                                                                                                                                                                                                                                                                ( 42 )


   (   m 1 +   𝜌 1 )  [ 4 +   m 1 +   𝜌 1 ] < 6 ,                                                                                                                                                                                                                                    ( 43 )


   (   m 1 +   𝜌 1 )  [ 4 +   m 1 +   𝜌 1 ] < 6 ,                                                                                                                                                                                                                                    ( 43 )


  (   m 1 +   𝜌 1  ) 3 > (   g 1 2 − 3  (   m 1 +   𝜌 1 )  (   g 1 −  (   m 1 +   𝜌 1 ) ) ,                                                                                                                                                 ( 44 )


  (   m 1 +   𝜌 1  ) 3 > (   g 1 2 − 3  (   m 1 +   𝜌 1 )  (   g 1 −  (   m 1 +   𝜌 1 ) ) ,                                                                                                                                                 ( 44 )


    g 2 <  ( 1 +   f d  F )  (     𝛿 1   d 2    F 2   + 𝜌 2 −   m 2 ) ,                                                                                                                                                                                                               ( 45 )


    g 2 <  ( 1 +   f d  F )  (     𝛿 1   d 2    F 2   + 𝜌 2 −   m 2 ) ,                                                                                                                                                                                                               ( 45 )


  𝛾   g 1  (   4   g 1  (   m 1 +   𝜌 1 )    k 3   𝜌 2 4 ) >   c 𝛼  (   2   g 1  [   g 1 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) + 𝛾   𝜌 1  (     g 1  [ k + 2  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) ,                            ( 46 )


  𝛾   g 1  (   4   g 1  (   m 1 +   𝜌 1 )    k 3   𝜌 2 4 ) >   c 𝛼  (   2   g 1  [   g 1 −  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) + 𝛾   𝜌 1  (     g 1  [ k + 2  (   m 1 +   𝜌 1 ) ]  k   𝜌 2 2 ) ,                            ( 46 )


   ( 1 +   f d  F )  [ − c 𝛼  (   k   g 1  [   g 1 − 2  (   m 1 +   𝜌 1 ) ] +  (   m 1 +   𝜌 1 )  k   𝜌 2 2 ) + 𝛾   𝜌 1  (    (   m 1 +   𝜌 1 )  [ − 2   g 1 +   m 1 +   𝜌 1 ]    𝜌 2 2 ) − (     g 1  k   𝜌 2 ) [ 𝛼  (  1  k +   m 2 +     𝛿 1   d 2    F 2 ) + a d ] >   𝛼   g 1   g 2  k   𝜌 2 +   3 𝛾  (   m 1 +   𝜌 1 )    k 2   𝜌 2 4 ,                                                                                                                                                                                          ( 47 )


   ( 1 +   f d  F )  [ − c 𝛼  (   k   g 1  [   g 1 − 2  (   m 1 +   𝜌 1 ) ] +  (   m 1 +   𝜌 1 )  k   𝜌 2 2 ) + 𝛾   𝜌 1  (    (   m 1 +   𝜌 1 )  [ − 2   g 1 +   m 1 +   𝜌 1 ]    𝜌 2 2 ) − (     g 1  k   𝜌 2 ) [ 𝛼  (  1  k +   m 2 +     𝛿 1   d 2    F 2 ) + a d ] >   𝛼   g 1   g 2  k   𝜌 2 +   3 𝛾  (   m 1 +   𝜌 1 )    k 2   𝜌 2 4 ,                                                                                                                                                                                          ( 47 )


   ( 1 +   f d  F )  (   𝜌 2 +   m 2 +     𝛿 1   d 2    F 2 + a d ) < 1 ,                                                                                                                                                                                              ( 48 )


   ( 1 +   f d  F )  (   𝜌 2 +   m 2 +     𝛿 1   d 2    F 2 + a d ) < 1 ,                                                                                                                                                                                              ( 48 )


  𝛼   𝜌 1 <   12 𝛾   g 1 3  (   m 1 +   𝜌 1 )  k   𝜌 2 4 .                                                                                                                                                                                                                                                   ( 49 )


  𝛼   𝜌 1 <   12 𝛾   g 1 3  (   m 1 +   𝜌 1 )  k   𝜌 2 4 .                                                                                                                                                                                                                                                   ( 49 )


   ( 32 ) ,


    E  2 I =    [ b   E  1 p +  (   𝛿 2   E  1 p −   m 3 )  ( 𝛼 + 𝛾   E  1 p 2 ) ]  F  ( 𝛼 + 𝛾   E  1 p 2 ) .                                                                                                                                                                                                            ( 50 )


    E 7 =  (     E .  1 r ,     E .  1 p ,       E .  2 s   ,   E .  2 I )


      E .  1 p =   E  1 p  (     E .  1 r )     a n d         E .  2 I =   E  2 I (     E .  1 p )


    𝛿 2     E .  1 p >   m 3 ,                                                                                                                                                                                                                                                                                                ( 51 )


    g 1  (   k − E  1 r ) < k  (   m 1 +   𝜌 1 ) .                                                                                                                                                                                                                                                                                       ( 52 )


    g 1  (   k − E  1 r ) < k  (   m 1 +   𝜌 1 ) .                                                                                                                                                                                                                                                                                       ( 52 )


  ( J M )


  ( J M )


    J  i   ; i = 0 ,   1 ,   … 7


    E  1 r


      E  1 p


    E  2 s


    E  2 I


    𝜆    i   E  1 r


    𝜆    i   E  1 p


    𝜆    i   E  2 s


    𝜆    i E  2 I


  J (   E  1 r ,     E  1 p ,   E  2 s ,   E  2 I )


    J =  [  Ф  i j ]  4 ×  4 ′   .


         Ф 11 =   


   Ф 13 =  Ф 14 = 0 ,                                                Ф 21 =   𝜌 1 ,                


   Ф 22 =   


    


   Ф 31 = 0 ,                        Ф 32 =   


       Ф 33 =   


   Ф 41 =  Ф 42 = 0 ,                                  Ф 43 = F   E  2 I ,                          Ф 44 = F   E  2 s − d .


  ( J M )


     ( 1 )


    E 0 = ( 0 ,   0 ,   0 , 0 )


    J 0 =   J  (   E 0 ) =  [                     ]


    J 0


    J 0  


    𝜆  0   E  1 r =   g 1 −  (   𝜌 1 +   m 1 ) ,               𝜆  0   E  1 p =     g 2 −  (   𝜌 2 +   m 2 ) ,                 𝜆    0 E  2 s = −   m 3 < 0 ,


        𝜆  0   E  2 I = − d < 0   .


    E 0


   ( 2 )


   ( 3 )


  ( J M )


     ( 1 )


      E 1 =  (     E -  1 r   ,   0 ,   0 , 0   )


    J 1 =   J  (   E 1 ) =  [                         ]


    J 1


   (   g 1  ( 1 −   2     E -  1 r  k ) −  (   𝜌 1 +   m 1 ) − 𝜆   )  (   g 2 −  (   𝜌 2 +   m 2 ) − 𝜆 )  [  ( −   m 3 − 𝜆 )  ( − d − 𝜆 ) ] = 0 ,                    ( 56 )


    J 1  


    𝜆    1 E  1 r   =   g 1  ( 1 −   2     E -  1 r  k ) − (   𝜌 1 +   m 1 )   ,


    𝜆  1   E  1 p   =   g 2 −  (   𝜌 2 +   m 2 ) ,


      𝜆  1   E  2 s = −   m 3 < 0 ,                               a n d                 𝜆    1 E  2 I = − d < 0 .


    E 1


  ( 3 )


    k 2   <     E -  1 r < k .                                                                                                                                                                                                                                                                                                          ( 57 )


   ( J M )


     ( 1 )


      E 2 =  ( 0   ,     E ̿  1 p , 0 , 0   )   where       E ̿  1 p =     g 2 − (   𝜌 2 +   m 2 )    c    


    J 2 =   J  (   E 2 ) =   


    𝜈 11 =   g 1 −  (   𝜌 1 +   m 1 ) ,               𝜈 12 =   𝜌 2   ,                     𝜈 13 = 0 ,                 𝜈 14 = 0 ,


    


                  𝜈 23 = −   g 2 f     E ̿  1 p −   a     E ̿  1 p  𝛼 + 𝛾     E ̿  1 p 2 ,  


    𝜈 24 = 0   ,               𝜈 31 = 0   ,               𝜈 32 = 0 ,


    𝜈 33 =   b     E ̿  1 p  𝛼 + 𝛾     E ̿  1 p 2 −   m 3 ,                                     𝜈 34 = 0 ,                 𝜈 41 = 0 ,                 𝜈 42 = 0 ,


    𝜈 43 = 0 ,                                 𝜈 44 = − d .


    J 2


   (    )


    J 2


    𝜆  2   E  1 r =   g 1 −  (   𝜌 1 +   m 1 ) ,                     


    


      𝜆  2   E  2 I = − d .


    E 2


  ( 2 )


    g 2 < 2 c     E ̿  1 p + (   𝜌 2 +   m 2 ) ,                                                                                                                                                                                                                                                                                                   ( 60 )


      b     E ̿  1 p  𝛼 + 𝛾     E ̿  1 p 2 <   m 3 .                                                                                                                                                                                                                                                                                                                                     ( 61 )


      b     E ̿  1 p  𝛼 + 𝛾     E ̿  1 p 2 <   m 3 .                                                                                                                                                                                                                                                                                                                                     ( 61 )


  ( J M )


     ( 1 )


    E 3 =  (   E  1 r ∗ ,     E  1 p ∗   , 0 , 0   )  


 


     Θ ∗ 11 =   


     Θ ∗ 21 =   


     Θ ∗ 31 =    Θ ∗ 32 = 0 ,                                            Θ ∗ 33 =   b   E  1 p ∗  𝛼 + 𝛾     E ∗  1 p 2 −   m 3 ,              Θ ∗ 34 = 0 ,


     Θ ∗ 41 =    Θ ∗ 42 = 0 ,              Θ ∗ 43 = 0 ,              Θ ∗ 44 =


    J 3


   (   g 1  ( 1 −   2   E  1 r ∗  k ) −  (   𝜌 1   + m 1 ) − 𝜆 )  (    )


   [  (    ) ]


   [  (    ) ]


    J 3


    


    𝜆  3   E  2 s =   b   E  1 p ∗  𝛼 + 𝛾     E ∗  1 p 2 −   m 3 ,               𝜆  3   E  2 I = − d .            


    𝜆  3   E  2 s =   b   E  1 p ∗  𝛼 + 𝛾     E ∗  1 p 2 −   m 3 ,               𝜆  3   E  2 I = − d .            


    E 3


    E  1 r ∗ >   k 2 ,                                                                                                                                                                                                                                                                                                                  ( 64 )


    g 2 < 2 c   E  1 p ∗ +  (   𝜌 2 −   m 2 ) ,                                                                                                                                                                                                                                                  ( 65 )


    g 2 < 2 c   E  1 p ∗ +  (   𝜌 2 −   m 2 ) ,                                                                                                                                                                                                                                                  ( 65 )


    m 3 > b   E  1 p ∗ / 𝛼 + 𝛾     E ∗  1 p 2 .                                                                                                                                                                                                                                                               ( 66 )


    m 3 > b   E  1 p ∗ / 𝛼 + 𝛾     E ∗  1 p 2 .                                                                                                                                                                                                                                                               ( 66 )


  ( J M )


     ( 1 )


    E 4 =  ( 0 ,     E ~  1 p ,     E ~  2 s ,     E ~  2 I )  


      J 4 =   J  (   E 4 ) =    [     𝜔 ~  i j  [ 4 ] ]  4 × 4                                                                                                                                                                                                                                                       ( 67 )


      𝜔 ~ 11  [ 4 ] =   g 1 −  (   𝜌 1   + m 1 ) ,                 𝜔 ~ 12  [ 4 ] =   𝜌 2 ,                 𝜔 ~ 13  [ 4 ] = 0 ,                 𝜔 ~ 14  [ 4 ] = 0 ,


      𝜔 ~ 21  [ 4 ] =   𝜌 1 ,                 𝜔 ~ 22  [ 4 ] =     g 2  1 + f     E ~  2 s − 2 c     E ~  1 p −   a     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 −   𝛿 1     E ~  2 s 2 −   ( 𝜌 2 +   m 2 ) ,


      𝜔 ~ 21  [ 4 ] =   𝜌 1 ,                 𝜔 ~ 22  [ 4 ] =     g 2  1 + f     E ~  2 s − 2 c     E ~  1 p −   a     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 −   𝛿 1     E ~  2 s 2 −   ( 𝜌 2 +   m 2 ) ,


      𝜔 ~ 23  [ 4 ] =   −   g 2 f     E ~  1 p  ( 1 + f       E ~  2 s ) 2 −   a     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 − 2   𝛿 1     E ~  2 s     E ~  1 p ,                 𝜔 ~ 24  [ 4 ] = 0 ,


      𝜔 ~ 23  [ 4 ] =   −   g 2 f     E ~  1 p  ( 1 + f       E ~  2 s ) 2 −   a     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 − 2   𝛿 1     E ~  2 s     E ~  1 p ,                 𝜔 ~ 24  [ 4 ] = 0 ,


      𝜔 ~ 31  [ 4 ] = 0 ,                 𝜔 ~ 32  [ 4 ] =   b     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 +   𝛿 2     E ~  2 s 2 ,            


      𝜔 ~ 31  [ 4 ] = 0 ,                 𝜔 ~ 32  [ 4 ] =   b     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 +   𝛿 2     E ~  2 s 2 ,            


      𝜔 ~ 33  [ 4 ] =   b     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 + 2   𝛿 2     E ~  1 p     E ~  2 s − F     E ~  2 I −   m 3 ,


      𝜔 ~ 33  [ 4 ] =   b     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 + 2   𝛿 2     E ~  1 p     E ~  2 s − F     E ~  2 I −   m 3 ,


      𝜔 ~ 34  [ 4 ] = − F     E ~  2 s ,                         𝜔 ~ 41   [ 4 ] =     𝜔 ~ 42  [ 4 ] = 0 ,                             𝜔 ~ 43  [ 4 ] = F     E ~  2 I ,                 𝜔 ~ 44  [ 4 ] = F     E ~  2 s − d .


      𝜔 ~ 34  [ 4 ] = − F     E ~  2 s ,                         𝜔 ~ 41   [ 4 ] =     𝜔 ~ 42  [ 4 ] = 0 ,                             𝜔 ~ 43  [ 4 ] = F     E ~  2 I ,                 𝜔 ~ 44  [ 4 ] = F     E ~  2 s − d .


    J 4


                                                  𝜆 4 +    ℬ ~ 1  [ 4 ] 𝜆 3 +    ℬ ~ 2  [ 4 ]     𝜆 2 +    ℬ ~ 3  [ 4 ] 𝜆 +    ℬ ~ 4  [ 4 ] = 0 ,                                                                                                                                                                          ( 68 )


     ℬ ~ 1  [ 4 ] = −  [     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] ] ,


     ℬ ~ 2  [ 4 ] =  [  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] )  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] ) +     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −  (     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] +     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ] +     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) ] ,


     ℬ ~ 3  [ 4 ] = −  [  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] )  (     𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] −     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) +  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] )  (     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] ) −                                                     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 44  [ 4 ] ) ] ,


     ℬ ~ 4  [ 4 ] =  [  (     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] )  (     𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] −     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) −     𝜔 ~ 11  [ 4 ]     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]     𝜔 ~ 44  [ 4 ] ] .


   ( 68 )


     ℬ ~ 1  [ 4 ] > 0 ,    ℬ ~ 3  [ 4 ] > 0 ,    ℬ ~ 4  [ 4 ] > 0  


      𝛥 ~ =  (    ℬ ~ 1  [ 4 ]    ℬ ~ 2  [ 4 ] −    ℬ ~ 3  [ 4 ]     )    ℬ ~ 3  [ 4 ] −      ℬ ~ 2 1  [ 4 ]    ℬ ~ 4  [ 4 ] > 0 .


     ℬ ~  i  [ 4 ] > 0 , i = 1 ,   3 ,   4


   ( 2 )


      E ~  1 p 2 <   𝛼  𝛾 ,                                                                                                                                                                                                                                                                                                                ( 69 )


      g 2  1 + f     E ~  2 s < 2 c     E ~  1 p +   a     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 +   𝛿 1     E ~  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                                                   ( 70 )


      g 2  1 + f     E ~  2 s < 2 c     E ~  1 p +   a     E ~  2 s  ( 𝛼 − 𝛾     E ~  1 p 2 )  ( 𝛼 + 𝛾     E ~  1 p 2  ) 2 +   𝛿 1     E ~  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                                                   ( 70 )


    b     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 + 2   𝛿 2     E ~  1 p     E ~  2 s < F     E ~  2 I +   m 3 ,                                                                                                                                                                                                                                                        ( 71 )


    b     E ~  1 p  𝛼 + 𝛾     E ~  1 p 2 + 2   𝛿 2     E ~  1 p     E ~  2 s < F     E ~  2 I +   m 3 ,                                                                                                                                                                                                                                                        ( 71 )


      E ~  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                ( 72 )


      E ~  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                ( 72 )


      𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] >     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] .                                                                                                                                                                                                                                                                      ( 73 )


      𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] >     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] .                                                                                                                                                                                                                                                                      ( 73 )


   ∆ ~ =    ∆ ~ 1 −    ∆ ~ 2 ,


                     ∆ ~ 1 =  [     𝜔 ~ 11  [ 4 ]     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] −     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ]  ( 2     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] ) +     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ]  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 22  [ 4 ] ) ]  [  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] )  (     𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] −     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) +  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] )  (     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] ) ] ,


                   ∆ ~ 2 =  [       𝜔 ~ 2 11  [ 4 ] +  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] )  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] ) +     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] ]  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] ) +     𝜔 ~ 22  [ 4 ]     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] ] [     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 44  [ 4 ] ) + (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ]  ) 2  [  (     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] )  (     𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] −     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) −     𝜔 ~ 11  [ 4 ]     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]     𝜔 ~ 44  [ 4 ] ] ,


                   ∆ ~ 2 =  [       𝜔 ~ 2 11  [ 4 ] +  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] )  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 22  [ 4 ] ) +     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] ]  (     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ] ) +     𝜔 ~ 22  [ 4 ]     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] ] [     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]  (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 44  [ 4 ] ) + (     𝜔 ~ 11  [ 4 ] +     𝜔 ~ 33  [ 4 ] +     𝜔 ~ 44  [ 4 ]  ) 2  [  (     𝜔 ~ 33  [ 4 ]     𝜔 ~ 44  [ 4 ] −     𝜔 ~ 34  [ 4 ]     𝜔 ~ 43  [ 4 ] )  (     𝜔 ~ 11  [ 4 ]     𝜔 ~ 22  [ 4 ] −     𝜔 ~ 12  [ 4 ]     𝜔 ~ 21  [ 4 ] ) −     𝜔 ~ 11  [ 4 ]     𝜔 ~ 23  [ 4 ]     𝜔 ~ 32  [ 4 ]     𝜔 ~ 44  [ 4 ] ] ,


    𝛥 ~ =  (    ℬ ~ 1  [ 4 ]    ℬ ~ 2  [ 4 ] −    ℬ ~ 3  [ 4 ]     )    ℬ ~ 3  [ 4 ] −      ℬ ~ 2 1  [ 4 ]    ℬ ~ 4  [ 4 ] > 0


     ∆ ~ 1 >    ∆ ~ 2


  ( 74 )


    J 4


    E 4


  ( J M )


     ( 1 )


    E 5 =  (     E ˇ  1 r ,     E ˇ  1 p ,     E ˇ  2 s , 0 )


          J 5 = J  (   E 5 ) =    [      ℒ ˇ  i j ]  4 × 4   ,                                                                                                                                                                                                                                                                          ( 75 )


     ℒ ˇ 11 =   g 1  ( 1 −   2     E ˇ  1 r  k ) −  (   𝜌 1   + m 1 ) ,                      ℒ ˇ 12 =   𝜌 2 ,                      ℒ ˇ 13 =    ℒ ˇ 14 = 0   ,  


     ℒ ˇ 21 =   𝜌 1 ,  


             ℒ ˇ 22 =     g 2  1 + f     E ˇ  2 s − 2 c     E ^  1 p −   a     E ˇ  2 s  ( 𝛼 − 𝛾     E ˇ  1 p 2 )  ( 𝛼 + 𝛾     E ˇ  1 p 2  ) 2 −   𝛿 1    E ˇ  2 s 2 −   ( 𝜌 2 +   m 2 ) ,


     ℒ ˇ 23 =   −   g 2 f    E ˇ  1 p  ( 1 + f      E ˇ  2 s ) 2 −   a    E ˇ  1 p  𝛼 + 𝛾    E ˇ  1 p 2 − 2   𝛿 1    E ˇ  2 s    E ˇ  1 p ,                        ℒ ˇ 24 =    ℒ ˇ 31 = 0 ,


                         ℒ ˇ 32 =   b    E ˇ  2 s  ( 𝛼 − 𝛾    E ˇ  1 p 2 )  ( 𝛼 + 𝛾    E ˇ  1 p 2  ) 2 +   𝛿 2    E ˇ  2 s 2 ,        ℒ ˇ 33 =   b    E ˇ  1 p  𝛼 + 𝛾    E ˇ  1 p 2 + 2   𝛿 2    E ˇ  1 p    E ˇ  2 s −   m 3 ,


                         ℒ ˇ 34 = − F    E ˇ  2 s ,              


     ℒ ˇ 41 =    ℒ ˇ 42 =    ℒ ˇ 43 = 0 ,                        ℒ ˇ 44 = F    E ˇ  2 s − d .


    J 5


                                                  𝜆 4 +     𝔅 ˇ 1 ̽ 𝜆 3 +     𝔅 ˇ 2 ̽     𝜆 2 +     𝔅 ˇ 3 ̽ 𝜆 +     𝔅 ˇ 4 ̽ = 0 ,                                                                                                                                                                                          ( 76 )


      𝔅 ˇ 1 ̽   = −  [    ℒ ˇ 11 +    ℒ ˇ 22 +    ℒ ˇ 33 +    ℒ ˇ 44 ] ,


      𝔅 ˇ 2 ̽ = [    ℒ ˇ 11  (    ℒ ˇ 22 +    ℒ ˇ 33 +    ℒ ˇ 44 ) +    ℒ ˇ 22  (    ℒ ˇ 33 +    ℒ ˇ 44 ) +    ℒ ˇ 33    ℒ ˇ 44 −    ℒ ˇ 23    ℒ ˇ 32 −    ℒ ˇ 12    ℒ ˇ 21 ] ,


      𝔅 ˇ 3 ̽ = − [  (    ℒ ˇ 33 +    ℒ ˇ 44 )  (    ℒ ˇ 11    ℒ ˇ 22 −    ℒ ˇ 12    ℒ ˇ 21 ) +  (    ℒ ˇ 33    ℒ ˇ 44 )  (    ℒ ˇ 11 +    ℒ ˇ 22 ) −    ℒ ˇ 23    ℒ ˇ 32  (    ℒ ˇ 11 +    ℒ ˇ 44 ) ] ,


      𝔅 ˇ 4 ̽ = [    ℒ ˇ 33    ℒ ˇ 44  (    ℒ ˇ 11    ℒ ˇ 22 −    ℒ ˇ 12    ℒ ˇ 21 ) −    ℒ ˇ 11    ℒ ˇ 23    ℒ ˇ 32    ℒ ˇ 44 ] .


   ( 76 )


      𝔅 ˇ 1 ̽ > 0 ,     𝔅 ˇ 3 ̽ > 0 ,     𝔅 ˇ 4 ̽ > 0  


      𝛥 ˇ =  (     𝔅 ˇ 1 ̽     𝔅 ˇ 2 ̽ −     𝔅 ˇ 3 ̽     )     𝔅 ˇ 3 ̽   −     𝔅 ˇ 1  ̽ 2     𝔅 ˇ 4 ̽   > 0 .


      𝔅 ˇ  i ̽ > 0 , i = 1 ,   3 ,   4


   ( 2 )


      E ˇ  1 r >   k 2 ,   ,                                                                                                                                                                                                                                                                                                              ( 77 )


      E ˇ  1 p 2 <   𝛼  𝛾 ,                                                                                                                                                                                                                                                                                                                ( 78 )


      E ˇ  1 p 2 <   𝛼  𝛾 ,                                                                                                                                                                                                                                                                                                                ( 78 )


      g 2  1 + f     E ^  2 s < 2 c     E ˇ  1 p +   a     E ˇ  2 s  ( 𝛼 − 𝛾     E ˇ  1 p 2 )  ( 𝛼 + 𝛾     E ˇ  1 p 2  ) 2 +   𝛿 1     E ˇ  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                   ( 79 )


      g 2  1 + f     E ^  2 s < 2 c     E ˇ  1 p +   a     E ˇ  2 s  ( 𝛼 − 𝛾     E ˇ  1 p 2 )  ( 𝛼 + 𝛾     E ˇ  1 p 2  ) 2 +   𝛿 1     E ˇ  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                   ( 79 )


    b    E ˇ  1 p  𝛼 + 𝛾    E ˇ  1 p 2 + 2   𝛿 2    E ˇ  1 p    E ˇ  2 s <   m 3 ,                                                                                                                                                                                                                                            ( 80 )


    b    E ˇ  1 p  𝛼 + 𝛾    E ˇ  1 p 2 + 2   𝛿 2    E ˇ  1 p    E ˇ  2 s <   m 3 ,                                                                                                                                                                                                                                            ( 80 )


     E ˇ  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                                                ( 81 )


     E ˇ  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                                                ( 81 )


     ℒ ˇ 11    ℒ ˇ 22 >    ℒ ˇ 12    ℒ ˇ 21 .                                                                                                                                                                                                                                                                                      ( 82 )


     ℒ ˇ 11    ℒ ˇ 22 >    ℒ ˇ 12    ℒ ˇ 21 .                                                                                                                                                                                                                                                                                      ( 82 )


    𝛥 ˇ =     𝛥 ˇ 1 −     𝛥 ˇ 2


      𝛥 ˇ 1 =  [    ℒ ˇ 11  (    ℒ ˇ 12    ℒ ˇ 21 −    ℒ ˇ 33    ℒ ˇ 44 ) +  (    ℒ ˇ 22 +    ℒ ˇ 33 +    ℒ ˇ 44 )  [ −    ℒ ˇ 11  (    ℒ ˇ 22 +    ℒ ˇ 33 +    ℒ ˇ 44 ) −    ℒ ˇ 33    ℒ ˇ 44 ] +                                                                  ℒ ˇ 33    ℒ ˇ 44  (    ℒ ˇ 11 +    ℒ ˇ 22 ) −    ℒ ˇ 23    ℒ ˇ 32  (    ℒ ˇ 11 +    ℒ ˇ 44 ) ]  [  (    ℒ ˇ 33 +    ℒ ˇ 44 )  (    ℒ ˇ 12    ℒ ˇ 21 −    ℒ ˇ 11    ℒ ˇ 22 ) +                                                                ℒ ˇ 23    ℒ ˇ 32  (    ℒ ˇ 11 +    ℒ ˇ 44 ) ] ,


      𝛥 ˇ 2 =    ℒ ˇ 11 2 +    ℒ ˇ 22  (    ℒ ˇ 33 +    ℒ ˇ 44 )  [    ℒ ˇ 22  (    ℒ ˇ 33 +    ℒ ˇ 44 ) ] + [    ℒ ˇ 11 +    ℒ ˇ 22 +    ℒ ˇ 33 +                                          ℒ ˇ 44  ] 2    ℒ ˇ 33    ℒ ˇ 44  (    ℒ ˇ 11    ℒ ˇ 22 −    ℒ ˇ 12    ℒ ˇ 21 ) +    ℒ ˇ 11    ℒ ˇ 23    ℒ ˇ 32    ℒ ˇ 44 ,


    𝛥 ˇ =  (     𝔅 ˇ 1 ̽     𝔅 ˇ 2 ̽ −     𝔅 ˇ 3 ̽     )     𝔅 ˇ 3 ̽   −     𝔅 ˇ 1  ̽ 2     𝔅 ˇ 4 ̽   > 0


                                                                                                                                                        𝛥 ˇ 1 >     𝛥 ˇ 2                                                                                                                                                               ( 83 )


    J 5


    E 5


    E 6 =  (      E ˇ ′  1 r ,      E ˇ ′  1 p ,      E ˇ ′  2 s , 0 )


    E 5


    E 6


  ( J M )


     ( 1 )


    E 7 =  (     E .  1 r ,     E .  1 p ,       E .  2 s   ,   E .  2 I )  


      J 7 =   J  (   E 7 ) =    [     𝒷 `  i j   ]  4 × 4                                                                                                                                                                                                                                               ( 84 )


      𝒷 ` 11 =   g 1  ( 1 −   2     E .  1 r  k ) −  (   𝜌 1   + m 1 ) ,                 𝒷 ` 12 =   𝜌 2 ,                 𝒷 ` 13 =     𝒷 ` 14 = 0 ,


      𝒷 ` 21 =   𝜌 1 ,                 𝒷 ` 22 =     g 2  1 + f     E .  2 s − 2 c     E .  1 p −   a   E  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 −   𝛿 1     E .  2 s 2 −   ( 𝜌 2 +   m 2 ) ,


      𝒷 ` 21 =   𝜌 1 ,                 𝒷 ` 22 =     g 2  1 + f     E .  2 s − 2 c     E .  1 p −   a   E  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 −   𝛿 1     E .  2 s 2 −   ( 𝜌 2 +   m 2 ) ,


      𝒷 ` 23 =   −   g 2 f     E .  1 p  ( 1 + f       E .  2 s ) 2 −   a     E .  1 p  𝛼 + 𝛾     E .  1 p 2 − 2   𝛿 1     E .  2 s     E .  1 p ,                 𝒷 ` 24 = 0 ,


      𝒷 ` 31 = 0 ,                 𝒷 ` 32 =   b     E .  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 +   𝛿 2     E .  2 s 2 ,             𝒷 ` 33 =   b     E .  1 p  𝛼 + 𝛾     E .  1 p 2 + 2   𝛿 2     E .  1 p     E .  2 s − F     E .  2 I −   m 3 ,


      𝒷 ` 31 = 0 ,                 𝒷 ` 32 =   b     E .  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 +   𝛿 2     E .  2 s 2 ,             𝒷 ` 33 =   b     E .  1 p  𝛼 + 𝛾     E .  1 p 2 + 2   𝛿 2     E .  1 p     E .  2 s − F     E .  2 I −   m 3 ,


      𝒷 ` 34 = − F     E .  2 s ,                 𝒷 ` 41 =     𝒷 ` 42 = 0 ,                           𝒷 ` 43 = F     E .  2 I ,                 𝒷 ` 44 = F     E .  2 s − d .


      𝒷 ` 34 = − F     E .  2 s ,                 𝒷 ` 41 =     𝒷 ` 42 = 0 ,                           𝒷 ` 43 = F     E .  2 I ,                 𝒷 ` 44 = F     E .  2 s − d .


    J 7


                                                  𝜆 4 +    β . 1 𝜆 3 +    β . 2     𝜆 2 +    β .  3   𝜆 +    β . 4 = 0 ,                                                                                                                                                                                  ( 85 )


                   β . 1 = −  [     𝒷 ` 11 +     𝒷 ` 33 +     𝒷 ` 44 ] ,                                                                                                                                                                                                      


     β . 2 =  [  (     𝒷 ` 33 +     𝒷 ` 44 )  (     𝒷 ` 11 +     𝒷 ` 22 ) +     𝒷 ` 33     𝒷 ` 44 −  (     𝒷 ` 34     𝒷 ` 43 +     𝒷 ` 23     𝒷 ` 32 +     𝒷 ` 12     𝒷 ` 21 ) ] ,


     β . 3 = −  [  (     𝒷 ` 33 +     𝒷 ` 44 )  (     𝒷 ` 11     𝒷 ` 22 −     𝒷 ` 12     𝒷 ` 21 ) +  (     𝒷 ` 11 +     𝒷 ` 22 )  (     𝒷 ` 33     𝒷 ` 44 −     𝒷 ` 34     𝒷 ` 43 ) −                                               𝒷 ` 23     𝒷 ` 32  (     𝒷 ` 11 +     𝒷 ` 44 ) ] ,


     β . 4 =  [  (     𝒷 ` 33     𝒷 ` 44 −     𝒷 ` 34     𝒷 ` 43 )  (     𝒷 ` 11     𝒷 ` 22 −     𝒷 ` 12     𝒷 ` 21 ) −     𝒷 ` 11     𝒷 ` 23     𝒷 ` 32     𝒷 ` 44 ] .


   ( 85 )


     β . 1 > 0 ,    β . 3 > 0 ,    β . 4 > 0  


      𝛥 . =  (    β . 1    β . 2 −    β . 3     )    β . 3 −    β . 1 2    β . 4 > 0 .


     β .  i > 0 , i = 1 ,   3 ,   4


   ( 2 )


        E .  1 r <   k 2 ,                                                                                                                                                                                                                                                                                                                                                                  ( 86 )


      E .  1 p 2 <   𝛼  𝛾 ,                                                                                                                                                                                                                                                                                                                ( 87 )


      E .  1 p 2 <   𝛼  𝛾 ,                                                                                                                                                                                                                                                                                                                ( 87 )


      g 2  1 + f     E .  2 s < 2 c     E .  1 p +   a   E  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 +   𝛿 1     E .  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                                                   ( 88 )


      g 2  1 + f     E .  2 s < 2 c     E .  1 p +   a   E  2 s  ( 𝛼 − 𝛾     E .  1 p 2 )  ( 𝛼 + 𝛾     E .  1 p 2  ) 2 +   𝛿 1     E .  2 s 2 +   ( 𝜌 2 +   m 2 ) ,                                                                                                                                                                   ( 88 )


  F     E .  2 I +   m 3 >   b     E .  1 p  𝛼 + 𝛾     E .  1 p 2 + 2   𝛿 2     E .  1 p     E .  2 s ,                                                                                                                                                                                                                                                        ( 89 )


  F     E .  2 I +   m 3 >   b     E .  1 p  𝛼 + 𝛾     E .  1 p 2 + 2   𝛿 2     E .  1 p     E .  2 s ,                                                                                                                                                                                                                                                        ( 89 )


      E .  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                                                            ( 90 )


      E .  2 s <   F  d ,                                                                                                                                                                                                                                                                                                                                                            ( 90 )


      𝒷 ` 11     𝒷 ` 22 >     𝒷 ` 12     𝒷 ` 21 .                                                                                                                                                                                                                                                                              ( 91 )


      𝒷 ` 11     𝒷 ` 22 >     𝒷 ` 12     𝒷 ` 21 .                                                                                                                                                                                                                                                                              ( 91 )


    𝛥 . =     𝛥 . 1 −     𝛥 . 2   ,  


                      𝛥 . 1 =  [     𝒷 ` 11     𝒷 ` 12     𝒷 ` 21 −     𝒷 ` 33     𝒷 ` 44  ( 2     𝒷 ` 11 +     𝒷 ` 22 ) +     𝒷 ` 34     𝒷 ` 43  (     𝒷 ` 33 +     𝒷 ` 44 −     𝒷 ` 22 ) ]  [  (     𝒷 ` 33 +     𝒷 ` 44 )  (     𝒷 ` 11     𝒷 ` 22 −     𝒷 ` 12     𝒷 ` 21 ) +  (     𝒷 ` 11 +     𝒷 ` 22 )  (     𝒷 ` 33     𝒷 ` 44 −     𝒷 ` 34     𝒷 ` 43 ) ] ,


                    𝛥 . 2 =  [     𝒷 ` 11 2 +  (     𝒷 ` 33 +     𝒷 ` 44 )  (     𝒷 ` 11 +     𝒷 ` 22 ) +     𝒷 ` 33     𝒷 ` 44 ]  (     𝒷 ` 33 +     𝒷 ` 44 ) +     𝒷 ` 22     𝒷 ` 33     𝒷 ` 44 ] [     𝒷 ` 23     𝒷 ` 32  (     𝒷 ` 11 +     𝒷 ` 44 ) + (     𝒷 ` 11 +     𝒷 ` 33 +     𝒷 ` 44  ) 2  [  (     𝒷 ` 33     𝒷 ` 44 −     𝒷 ` 34     𝒷 ` 43 )  (     𝒷 ` 11     𝒷 ` 22 −     𝒷 ` 12     𝒷 ` 21 ) −     𝒷 ` 11     𝒷 ` 23     𝒷 ` 32     𝒷 ` 44 ] ,


                    𝛥 . 2 =  [     𝒷 ` 11 2 +  (     𝒷 ` 33 +     𝒷 ` 44 )  (     𝒷 ` 11 +     𝒷 ` 22 ) +     𝒷 ` 33     𝒷 ` 44 ]  (     𝒷 ` 33 +     𝒷 ` 44 ) +     𝒷 ` 22     𝒷 ` 33     𝒷 ` 44 ] [     𝒷 ` 23     𝒷 ` 32  (     𝒷 ` 11 +     𝒷 ` 44 ) + (     𝒷 ` 11 +     𝒷 ` 33 +     𝒷 ` 44  ) 2  [  (     𝒷 ` 33     𝒷 ` 44 −     𝒷 ` 34     𝒷 ` 43 )  (     𝒷 ` 11     𝒷 ` 22 −     𝒷 ` 12     𝒷 ` 21 ) −     𝒷 ` 11     𝒷 ` 23     𝒷 ` 32     𝒷 ` 44 ] ,


    𝛥 . =  (    β . 1    β . 2 −    β . 3     )    β . 3 −    β . 1 2    β . 4 > 0


      𝛥 . 1 >     𝛥 . 2                                                                                                                                                             ( 92 )


    J 7


    E 7


    E 0 =  ( 0 ,   0 ,   0 , 0   )


     ф 0 ⊂   R + 4


    m 1   E  1 r +   m 2   E  1 p +   m 3   E  2 s + d   E  2 I >  1 4  ( k   g 1 +     g 2 2  c ) ,                                                                                                                                                            ( 93 )


      Z . 0  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I ) =     E  1 r   +     E  1 p +     E  2 s +     E  2 I   .


      Z . 0 :    R + 4 → R


      Z . 0 ∈  C 1  


      Z . 0


                              d     Z . 0  d t <   g 1   E  1 r  ( 1 −     E  1 r  k ) −   m 1   E  1 r +     g 2   E  1 p  1 + f   E  2 s − c   E  1 p 2 −  ( a − b )     E  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 −  (   𝛿 1 −   𝛿 2 )   E  1 p   E  2 s 2 −   m 2   E  1 p −   m 3   E  2 s − d   E  2 I ,


  b < a


    𝛿 2 <   𝛿 1 ,


                          d     Z . 0  d t <   g 1   E  1 r  ( 1 −     E  1 r  k ) −   m 1   E  1 r +     g 2   E  1 p  1 + f   E  2 s − c   E  1 p 2 −   m 2   E  1 p −   m 3   E  2 s − d   E  2 I ,


    f 1  (   E  1 r ) =   g 1   E  1 r −     g 1   E  1 r 2  k


    f 2  (   E  1 p ) =   g 2   E  1 p  ( 1 −   c    g 2   E  1 p )


   (   k   g 1 4 ) ,  (     g 2 2  4 c )


                        d     Z . 0  d t <   k   g 1 4 +     g 2 2  4 c −  [   m 1   E  1 r +   m 2   E  1 p +   m 3   E  2 s + d   E  2 I ] ,


   ( 93 )       d     Z . 0  d t < 0


      Z . 0


    E 0


        E 1 =  (     E -  1 r , 0 ,   0 , 0   )


     ф 1 ⊂   R + 4


    E  1 r >     E -  1 r ,                                                                                                                                                                                                                                                                                                                                          ( 94 )


      N -   1 ´ >     N -   2 ´ ,                                                                                                                                                                                                                                                                                                                                             ( 95 )


      N -   1 ´ =   m 1   (   E  1 r −     E -  1 r  ) 2    E  1 r +   m 2   E  1 p +   m 3   E  2 s + d   E  2 I ,


                  N -   2 ´ =   g 1   (   E  1 r −     E -  1 r  ) 2    E  1 r +     g 2 2  4 c .


      Z . 1  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I ) =  (   E  1 r −     E -  1 r −     E -  1 r l n     E  1 r      E -  1 r ) +   E  1 p +     E  2 s +     E  2 I


      Z . 1 :    R + 4 → R


      Z . 1 ∈  C 1    


      Z . 1


    d     Z . 1  d t ≤   g 1   (   E  1 r −     E -  1 r  ) 2    E  1 r −     g 1  k  (   E  1 r −     E -  1 r )  (   E  1 r +     E -  1 r ) −   m 1   (   E  1 r −     E -  1 r  ) 2    E  1 r +     g 2   E  1 p  1 + f   E  2 s − c   E  1 p 2 −                                                ( a − b )     E  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 −  (   𝛿 1 −   𝛿 2 )   E  1 p   E  2 s 2 −   m 2   E  1 p −   m 3   E  2 s − d   E  2 I ,


  b < a     &         𝛿 2 <   𝛿 1


   ( 94 )


    d     Z . 1  d t <   g 1   (   E  1 r −     E -  1 r  ) 2    E  1 r −     g 1  k   (   E  1 r −     E -  1 r  ) 2 (   E  1 r +     E -  1 r )    E  1 r −     g 1  k  (   E  1 r −     E -  1 r )  (   E  1 r +     E -  1 r ) −   m 1   (   E  1 r −     E -  1 r  ) 2    E  1 r +                                         g 2   E  1 p  1 + f   E  2 s − c   E  1 p 2 −   m 2   E  1 p −   m 3   E  2 s − d   E  2 I ,


  f  (   E  1 p ) =   g 2   E  1 p  ( 1 −   c    g 2   E  1 p )


   (     g 2 2  4 c ) .


    d     Z . 1  d t < −  [ ]


    


      N -   1 ´


      N -   2 ´


   ( 95 )     d     Z . 1  d t   < 0


      Z . 1


    E 1


    E 2 =  ( 0 ,       E ̿  1 p , 0 ,   0 )


     ф 2 ⊂   R + 4


    E  1 p >     E ̿  1 p ,                                                                                                                                                                                                                                                                                                             ( 96 )


    ΅   N ̿ 1 >   ΅   N ̿ 2 ,                                                                                                                                                                                                                                                                                                                                                            ( 97 )


 


    ΅   N ̿ 1 =     m 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 +   m 1   E  1 r + c   (   E  1 p −     E ̿  1 p  ) 2 (   E  1 p +     E ̿  1 p )    E  1 p +   m 3   E  2 s + d   E  2 I ,


    ΅   N ̿ 2 =     g 1 k 4 +     g 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 +   a     E ̿  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ̿  1 p   E  2 s 2 .  


      Z . 2  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I   ) =     E  1 r +  (   E  1 p −     E ̿  1 p −     E ̿  1 p l n     E  1 p      E ̿  1 p ) +     E  2 s +     E  2 I .


      Z . 2 :    R + 4 → R


      Z . 2 ∈  C 1


      Z . 2


              d     Z . 2  d t ≤   g 1   E  1 r  ( 1 −     E  1 r  k ) −   m 1   E  1 r +     g 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 − c   (   E  1 p −     E ̿  1 p  ) 2 (   E  1 p +     E ̿  1 p )    E  1 p +   a     E ̿  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 +                                   𝛿 1     E ̿  1 p   E  2 s 2 −  ( a − b )     E  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 −  (   𝛿 1 −   𝛿 2 )   E  1 p   E  2 s 2 −     m 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 −   m 3   E  2 s − d   E  2 I ,


  b < a     &         𝛿 2 <   𝛿 1


   ( 96 ) ,


    d     z . 2  d t <   g 1   E  1 r  ( 1 −     E  1 r  k ) +     g 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 +   a     E ̿  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ̿  1 p   E  2 s 2 − c   (   E  1 p −     E ̿  1 p  ) 2 (   E  1 p +     E ̿  1 p )    E  1 p −                                                         m 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 −   m 1   E  1 r −   m 3   E  2 s − d   E  2 I ,


  f  (   E  1 p ) =   g 1   E  1 r  ( 1 −     E  1 r  k )  


   (     k g 1 4 ) .  


        d     Z . 2  d t < −  [     m 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 +   m 1   E  1 r +   m 3   E  2 s + d   E  2 I ] +     g 1 k 4 +     g 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 +   a     E ̿  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ̿  1 p   E  2 s 2 ,


        d     Z . 2  d t < −     ΅   N ̿ 1 +   ΅   N ̿ 2 ,


    ΅   N ̿ 1


    ΅   N ̿ 2


   ( 97 )


    d     Z . 2  d t   < 0


      Z . 2


    E 2


    E 3 =  (   E  1 r ∗ ,     E  1 p ∗   , 0 , 0     )


      𝜑 3 ⊂   R + 4


              E  1 r >   E  1 r ∗ ,     E  1 p >   E  1 p ∗ ,                                                                                                                                                                                                                                                                              ( 98 )


        N . . 1 >       N . . 2 ,                                                                                                                                                                                                                                                                                                                                ( 99 )


        N . . 1 =   m 1  (     E  1 r −   E  1 r ∗    E  1 r ) +   m 3   E  2 s + d   E  2 I ,


        N . . 2 =  (     E  1 r −   E  1 r ∗    E  1 r )     k g 1 4 +   𝜌 1   E  1 r ∗  (     E  1 r −   E  1 r ∗    E  1 r ) +   𝜌 2   E  1 r ∗   E  1 p ∗ +   𝛿 1   E  1 p ∗   E  2 s 2 +   a   E  1 p ∗   E  2 s  𝛼 + 𝛾   E  1 p 2 .


      Z . 3  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I   ) =  (   E  1 r −   E  1 r ∗ −   E  1 r ∗ l n     E  1 r    E  1 r ∗ ) +  (   E  1 p −   E  1 p ∗ −   E  1 p ∗ l n     E  1 p    E  1 p ∗ )   +     E  2 s +     E  2 I


      Z . 3 :    R + 4 → R


      Z . 3 ∈  C 1


      Z . 3


    d     Z . 3  d t ≤  (     E  1 r −   E  1 r ∗    E  1 r )     g 1 k 4 +   𝜌 1   E  1 r ∗  (     E  1 r −   E  1 r ∗    E  1 r ) +   𝜌 2   E  1 r ∗   E  1 p ∗ +     g 2  1 + f   E  2 s  (   E  1 p −   E  1 p ∗ ) +   𝛿 1   E  1 p ∗   E  2 s 2 +   a   E  1 p ∗   E  2 s  𝛼 + 𝛾   E  1 p 2 +                                                     𝜌 1   E  1 r ∗   E  1 p ∗    E  1 p +   𝜌 2   E  1 p ∗  (     E  1 p −   E  1 p ∗    E  1 p ) −     𝜌 2   E  1 r ∗   E  1 p    E  1 r   − m 1   (   E  1 r −   E  1 r ∗  ) 2    E  1 r −  [   g 1   E  1 r ∗  ( 1 −     E  1 r ∗  k ) ]  (     E  1 r −   E  1 r ∗    E  1 r ) −                                               c   (   E  1 p −   E  1 p ∗  ) 2 (   E  1 p +   E  1 p ∗ )    E  1 p −     𝜌 1   E  1 r   E  1 p ∗    E  1 p − ( a − b )     E  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 −  (   𝛿 1 −   𝛿 2 )   E  1 p   E  2 s 2 −     m 2    E  1 p (   E  1 p −     E ̿  1 p  ) 2 −                                                   g 2   E  1 p ∗  (     E  1 p −   E  1 p ∗    E  1 p ) −   m 3   E  2 s − d   E  2 I ,


  b < a     &         𝛿 2 <   𝛿 1  


   ( 98 ) ,


    d     Z . 3  d t < −  [   m 1  (     E  1 r −   E  1 r ∗    E  1 r ) +   m 3   E  2 s + d   E  2 I ] +  (     E  1 r −   E  1 r ∗    E  1 r )     g 1 k 4 +   𝜌 1   E  1 r ∗  (     E  1 r −   E  1 r ∗    E  1 r ) +     𝜌 2   E  1 r ∗   E  1 p ∗ +                                                   𝛿 1   E  1 p ∗   E  2 s 2 +   a   E  1 p ∗   E  2 s  𝛼 + 𝛾   E  1 p 2  


      d     Z . 3  d t < −         N . . 1 +         N . . 2 ,


        N . . 1


        N . . 2


   ( 99 )       d     Z . 3  d t   < 0


      Z . 3


    E 3


    E 4 =  ( 0 ,     E ~  1 p ,     E ~  2 s ,     E ~  2 I )


     ф 4 ⊂   R + 4  


    E  1 p >     E ~  1 p ,     E  2 s >     E ~  2 s ,     E  2 I >     E ~  2 I ,                                                                                                                                                                                                                                                    ( 100 )


      N ~ 1 >     N ~ 2 ,                                                                                                                                                                                                                                                                                                                                           ( 101 )


      N ~ 1 >     N ~ 2 ,                                                                                                                                                                                                                                                                                                                                           ( 101 )


                      N ~ 1 =   g 1   E  1 r  (     E  1 r  k − 1 ) +  (   m 1 +   𝜌 1 )   E  1 r +  (     E  1 p −     E ~  1 p    E  1 p )   E  1 p ( c   E  1 p +   𝜌 2 ) +  (     E  1 p −     E ~  1 p    E  1 p )  (   m 2   E  1 p +       g 2     E ~  1 p  1 + f     E ~  2 s ) ,


                    N ~ 2 =   𝜌 2   E  1 p +  (     E  1 p −     E ~  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s +  (     E  1 p −     E ~  1 p    E  1 p )   𝜌 1   E  1 r +  (     E  1 p −     E ~  1 p    E  1 p )  (   a     E ~  1 p     E ~  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ~  1 p     E ~  2 s 2 ) +  (     E  1 p −     E ~  1 p    E  1 p )   m 2     E ~  1 p .


                    N ~ 2 =   𝜌 2   E  1 p +  (     E  1 p −     E ~  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s +  (     E  1 p −     E ~  1 p    E  1 p )   𝜌 1   E  1 r +  (     E  1 p −     E ~  1 p    E  1 p )  (   a     E ~  1 p     E ~  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ~  1 p     E ~  2 s 2 ) +  (     E  1 p −     E ~  1 p    E  1 p )   m 2     E ~  1 p .


      Z . 4  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I ) =   E  1 r +  (   E  1 p −     E ~  1 p −     E ~  1 p l n     E  1 p      E ~  1 p   ) +  (   E  2 s −     E ~  2 s −       E ~  2 s l n ⁡      E  2 s        E ~  2 s   ) +                                                                                                (   E  2 I −     E ~  2 I −     E ~  2 I l n     E  2 I      E ~  2 I )


      Z . 4 :    R + 4 → R


      Z . 4 ∈


   C 1


      Z . 4


    d     Z . 4  d t ≤ −   g 1   E  1 r  (     E  1 r  k − 1 ) −  (   m 1 +   𝜌 1 )   E  1 r +   𝜌 2   E  1 p +  (     E  1 p −     E ~  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s −  (     E  1 p −     E ~  1 p    E  1 p )   E  1 p  ( c   E  1 p +                                                             𝜌 2 ) −  (     E  1 p −     E ~  1 p    E  1 p )   𝛿 1   E  1 p   E  2 s 2 +  (     E  1 p −     E ~  1 p    E  1 p )   𝜌 1   E  1 r −  (     E  1 p −     E ~  1 p    E  1 p )  (   a   E  1 p   E  2 s  𝛼 + 𝛾   E  1 p 2 ) +                                                      (     E  1 p −     E ~  1 p    E  1 p )     E ~  1 p  ( c     E ~  1 p +   𝜌 2 ) −  (     E  1 p −     E ~  1 p    E  1 p )  (   m 2   E  1 p +       g 2     E ~  1 p  1 + f     E ~  2 s ) +  (     E  1 p −     E ~  1 p    E  1 p )  (   a     E ~  1 p     E ~  2 s  𝛼 + 𝛾   E  1 p 2 +                                                       𝛿 1     E ~  1 p     E ~  2 s 2 ) +  (     E  1 p −     E ~  1 p    E  1 p )   m 2     E ~  1 p +  (   E  2 s −     E ~  2 s )   b   E  1 p  𝛼 + 𝛾   E  1 p 2 +  (   E  2 s −     E ~  2 s )   𝛿 2   E  1 p   E  2 s −                                                      (   E  2 s −     E ~  2 s )     E ~  1 p (   b  𝛼 + 𝛾     E ~  1 p 2 +   𝛿 2     E ~  2 s ) ,


  b < a     &         𝛿 2 <   𝛿 1


   ( 100 )


    d     Z . 4  d t < −  [   g 1   E  1 r  (     E  1 r  k − 1 ) +  (   m 1 +   𝜌 1 )   E  1 r +  (     E  1 p −     E ~  1 p    E  1 p ) c   E  1 p 2 +  (     E  1 p −     E ~  1 p    E  1 p )   𝜌 2   E  1 p +                                             +  (     E  1 p −     E ~  1 p    E  1 p )  (   m 2   E  1 p +       g 2     E ~  1 p  1 + f     E ~  2 s ) ] +   𝜌 2   E  1 p +  (     E  1 p −     E ~  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s +                                              (     E  1 p −     E ~  1 p    E  1 p )   𝜌 1   E  1 r  (     E  1 p −     E ~  1 p    E  1 p )  (   a     E ~  1 p     E ~  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E ~  1 p     E ~  2 s 2 ) +  (     E  1 p −     E ~  1 p    E  1 p )   m 2     E ~  1 p ,


              d     Z . 4  d t < −     N ~ 1 +     N ~ 2 ,


      N ~ 1


      N ~ 2


   ( 101 )


    d     Z . 4  d t   < 0


    d     Z . 4  d t


    d     Z . 4  d t = 0


    E  1 r ,   E  1 p ,   E  2 s ,   E  2 I ) ∈     Z . 4 :  Ω 4 ⊆   R 4 → R :   E  1 r = 0 ,   E  1 p =     E ~  1 p ,   E  2 s =     E ~  2 s ,   E  2 I > 0 ,


    E 4


    d   E  2 s  d T =   b     E ~  1 p     E ~  2 s  α +   𝛾     E ~  1 p 2 +   𝛿 2     E ~  1 p     E ~  2 s 2 − F     E ~  2 s   E  2 I −   m 3     E ~  2 s = 0                                                                                                                                                                                ( 102 )


      E  2 I =   E ~  2 I


    E 4


    E 4


   Ω 4


    E 5     a n d       E 6 )


      R + 4


    E 7 =  (     E .  1 r ,     E .  1 p ,       E .  2 s   ,   E .  2 I )  


     ¥ 7 ⊂   R + 4  


      E  1 r >     E .  1 r ,     E  1 p >     E .  1 p ,     E  2 s >     E .  2 s ,     E  2 I >     E .  2 I ,                                                                                                                                                                                                                        ( 103 )


    N 1 ⠁ >   N 2 ⠁ ,                                                                                                                                                                                                                                                                                                                                                ( 104 )


    N 1 ⠁ =  (     E  1 r −     E .  1 r    E  1 r )   g 1   E  1 r  (     E  1 r  k − 1 ) +  (     E  1 r −     E .  1 r    E  1 r )   E  1 r  (   𝜌 1 +   m 1 ) +    (     E  1 r −     E .  1 r    E  1 r )   g 1     E .  1 r  ( 1 −       E .  1 r  k ) +                                                                    (     E  1 r −     E .  1 r    E  1 r )   𝜌 2     E .  1 p +  (     E  1 p −     E .  1 p    E  1 p )   E  1 p ( c   E  1 p +   𝜌 2 ) +  (     E  1 p −     E .  1 p    E  1 p )  (   m 2   E  1 p +                                                                 g 2     E .  1 p  1 + f     E .  2 s ) +  (   E  2 s −     E .  2 s )     E .  1 p (   b  𝛼 + 𝛾     E .  1 p 2 +   𝛿 2     E .  2 s ) ,


    N 2 ⠁ =  (     E  1 r −     E .  1 r    E  1 r )   𝜌 2   E  1 p +  (     E  1 r −     E .  1 r    E  1 r )     E .  1 r  (   𝜌 1 +   m 1 ) +    (     E  1 p −     E .  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s +  (     E  1 p −     E .  1 p    E  1 p )   𝜌 1   E  1 r +                                                              (     E  1 p −     E .  1 p    E  1 p )     E .  1 p  ( c     E .  1 p +   𝜌 2 ) +  (     E  1 p −     E .  1 p    E  1 p )  (   a     E .  1 p     E .  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E .  1 p     E .  2 s 2 ) +  (     E  1 p −     E .  1 p    E  1 p )   m 2     E .  1 p .


      Z . 7  (   E  1 r ,     E  1 p ,     E  2 s ,   E  2 I ) =  (     E .  1 r −     E .  1 r −     E .  1 r l n     E  1 r      E .  1 r   ) +  (   E  1 p −     E .  1 p −     E .  1 p l n     E  1 p      E .  1 p   ) +                                                                                                                (   E  2 s −     E .  2 s −         E .  2 s l n ⁡      E  2 s        E .  2 s   ) +  (   E  2 I −     E .  2 I −     E .  2 I l n     E  2 I      E .  2 I )


      Z . 7 :    R + 4 → R


      Z . 7 ∈


   C 1


      Z . 7


    d     Z . 7  d t < −  [  (     E  1 r −     E .  1 r    E  1 r )   g 1   E  1 r  (     E  1 r  k − 1 ) +  (     E  1 r −     E .  1 r    E  1 r )   E  1 r  (   𝜌 1 +   m 1 ) +    (     E  1 r −     E .  1 r    E  1 r )   g 1     E .  1 r  ( 1 −       E .  1 r  k ) +                                                (     E  1 r −     E .  1 r    E  1 r )   𝜌 2     E .  1 p +  (     E  1 p −     E .  1 p    E  1 p )   E  1 p  ( c   E  1 p +   𝜌 2 ) +  (     E  1 p −     E .  1 p    E  1 p )  (   m 2   E  1 p +     g 2     E .  1 p  1 + f     E .  2 s ) +  (   E  2 s −                                                     E .  2 s )     E .  1 p  (   b  𝛼 + 𝛾     E .  1 p 2 +   𝛿 2     E .  2 s ) ] +  (     E  1 r −     E .  1 r    E  1 r )   𝜌 2   E  1 p +  (     E  1 r −     E .  1 r    E  1 r )     E .  1 r  (   𝜌 1 +   m 1 ) +    (     E  1 p −     E .  1 p    E  1 p )     g 2   E  1 p  1 + f   E  2 s +                                            (     E  1 p −     E .  1 p    E  1 p )   𝜌 1   E  1 r +  (     E  1 p −     E .  1 p    E  1 p )     E .  1 p  ( c     E .  1 p +   𝜌 2 ) +  (     E  1 p −     E .  1 p    E  1 p )  (   a     E .  1 p     E .  2 s  𝛼 + 𝛾   E  1 p 2 +   𝛿 1     E .  1 p     E .  2 s 2 ) +                                          (     E  1 p −     E .  1 p    E  1 p )   m 2     E .  1 p ,


        d     Z . 7  d t < −   N 1 ⠁ +   N 2 ⠁ ,


    N 1 ⠁


    N 2 ⠁


   ( 104 )


    d     Z . 7  d t   < 0


    d     Z . 7  d t


    d     Z . 7  d t = 0


    E  1 r ,   E  1 p ,   E  2 s ,   E  2 I ) ∈     Z . 7 :  Ω 7 ⊆   R 4 → R :   E  1 r =     E .  1 r ,   E  1 p =     E .  1 p ,   E  2 s =     E .  2 s ,   E  2 I > 0 ,


    E 7


    d   E  2 s  d T =   b     E .  1 p     E .  2 s  α +   𝛾     E .  1 p 2 +   𝛿 2     E .  1 p     E .  2 s 2 − F     E .  2 s   E  2 I −   m 3     E .  2 s = 0                                                                                                                                                                                ( 105 )


      E  2 I =   E .  2 I


    E 7


    E 7


   Ω 7


    g 1 = 1 ,   k = 1 . 5 ,     𝜌 1 = 0 . 1 ,     𝜌 2 = 0 . 2 ,     m 1 = 0 . 00001 ,     g 2 = 1 ,   f = 0 . 00001 ,   c = 0001 ,


  a = 0 . 001 ,   𝛼 = 0 . 01 ,   𝛾 = 0 . 01 ,     𝛿 1 = 0 . 00001 ,     m 2 = 0 . 00001 ,   b = 0 . 0001 ,   𝛿 2 = 0 . 00001 ,


  a = 0 . 001 ,   𝛼 = 0 . 01 ,   𝛾 = 0 . 01 ,     𝛿 1 = 0 . 00001 ,     m 2 = 0 . 00001 ,   b = 0 . 0001 ,   𝛿 2 = 0 . 00001 ,


  F = 0 . 001 ,     m 3 = 0 . 0001 ,   d = 0 . 001 .                                                                                                                                                                                                                    ( 106 )


  F = 0 . 001 ,     m 3 = 0 . 0001 ,   d = 0 . 001 .                                                                                                                                                                                                                    ( 106 )


     ( 0 . 0   ,     0 . 7 ,     0 . 7 ,     0 . 8 ,   0 . 8 ) ,      ( 0 . 0   ,   1   ,   0 . 4 ,     0 . 4 ,   0 . 7   )     and    ( 0 . 0 ,   1 . 5 ,   0 . 8 ,   0 . 9 ,   0 . 9 )


    E  1 r


   ( b )


    E  1 p


   ( c )


    E  2 s


    E  2 I


   ( e )


    E  1 r ,     E  1 p ,     E  2 s ,     E  2 I  


  0 . 001 <   g 1 ≤ 1 .


    E 7


  0 . 1 < k ≤ 1 . 5 .


    E 7


  0 . 001 <   𝜌 1 ≤ 1 .


    E 7


  0 . 001 <   𝜌 2 ≤ 1 .


    E 7


  0 . 00001 <   m 1 ≤ 1 .


    E 7


  0 . 00001 <   g 2 ≤ 1 .


    E 7


  0 . 0001 < f ≤ 3 .


    E 7


  0 . 04 <   c ≤ 3 .


    E 7


  0 . 001 < a ≤ 0 . 3 .


    E 7


  0 . 01 < 𝛼 < 2 .


    E 7


  0 . 01 < 𝛾 < 0 . 2 .


    E 7


  0 . 00001 <   𝛿 1 < 3 .


    E 7


  0 . 00001 <   m 2 < 1 .


    E 7


  0 . 00001 < b ≤ 0 . 001 .


    E 7


  0 . 000001 <   𝛿 2 < 0 . 00001 .


    E 7


  0 . 001 < F ≤ 0 . 03 .


    E 7


  0 . 00001 <   m 3 ≤ 0 . 0171 ,


  0 . 0171 <   m 3 ≤ 0 . 9 ,


  0 . 0171 <   m 3 ≤ 0 . 9 ,


  0 . 9 <   m 3 ≤ 1 .


  0 . 9 <   m 3 ≤ 1 .


    E 7


    E 5


  0 . 001 < d ≤ 0 . 015 .


    E 7


   ( a 1 )


      E 7 =  ( 1 . 521 ,   0 . 867 ,   0 . 997 , 16 . 163 )   w i t h       m 3 = 0 . 00005


       ( b 1 )


    E 5 =  ( 1 . 536 ,   0 . 881 ,   0 . 835 , 0 . 0002 )   w i t h       m 3 = 0 . 0181


   ( c 1 )


      E 3 =  ( 1 . 536 ,   0 . 951 ,   0 . 009 , 4 . 485 )


   ( 106 )   w i t h       m 3 = 0 . 99


   (   g 1 ,   g 2   a n d     m 3 )


    E 0


    g 1 =   g 2 = 0 . 00001   a n d     m 3 = 0 . 1


    E 0 =  ( 0 ,   0 ,   0 , 0   )


    g 1 =   g 2 = 0 . 00001  


    m 3 = 0 . 1


    𝜌 1 ,     𝜌 2 ,   g 2 ,     m 2


    m 3


  0 . 01 ≤   g 2 < 0 . 2


  0 . 001 ≤   𝜌 1 < 0 . 011


  0 . 1 ≤   𝜌 2 < 0 . 6   , 0 . 01 ≤   m 2 < 0 . 1


  0 . 01 ≤   m 3 < 0 . 1 ,


    E 1


   


    g 2 = 0 . 1 ,         𝜌 1 = 0 . 01 ,     𝜌 2 = 0 . 5


    m 2 =   m 3 = 0 . 9


    E 1 = ( 1 . 522 ,   0 ,   0 , 0 )


    g 2 = 0 . 1


    𝜌 1 = 0 . 01


    𝜌 2 = 0 . 5


    m 2 =   m 3 = 0 . 9


  (   g 1


    𝜌 1


    𝜌 2 ,   m 1


    m 3 )


  0 . 02 ≤   g 1 < 0 . 001


  0 . 6 ≤ k < 0 . 1


  0 . 6 ≤   𝜌 1 < 0 . 2


  0 . 0122 ≤   𝜌 2 < 0 . 001


  0 . 95 ≤   m 1 < 0 . 8


  0 . 99 ≤   m 3 < 0 . 81


    E 2


    g 1 = 0 . 01


  k = 0 . 5 ,


    𝜌 1 = 0 . 5


    𝜌 2 = 0 . 01


    m 1 =   m 3 = 0 . 9


    E 2 =  ( 0 , 0 . 983 ,   0 , 0 )


    g 1 = 0 . 01 , k = 0 . 5


    𝜌 1 = 0 . 5


    𝜌 2 = 0 . 01


    m 1 =   m 3 = 0 . 5


   ( )


    E 4


    g 1 = 0 . 01


  k = 0 . 5


    𝜌 1 = 0 . 5


    𝜌 2 = 0 . 01


    E 4 =  ( 0 ,   0 . 891 ,   1 . 000 , 16 . 849 )


    g 1 = 0 . 01 ,   k = 0 . 5 ,       𝜌 1 = 0 . 5 ,       𝜌 2 = 0 . 01 .

